
∼







c(n) n

c(1) = 4
c(2) = c(1)× 3 = 12
c(3) = c(2)× 3 = 36
c(4) = c(3)× 3− 8 = 100

c(n) n = 71



• n

c(n) ∼ (κ)µn nγ



• n

c(n) ∼ (κ)µn nγ

γ = 11/32



• n

c(n) ∼ (κ)µn nγ

γ = 11/32

µ =
√

2 +
√
2



• n

c(n) ∼ (κ)µn nγ

⇒ n

c(2n)

c(n)2
∼ n−γ



•

E(Dn) ∼ n3/4 n1/2 )
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• 8/3

c(n) ∼ µnn11/32
E(Dn) ∼ n3/4



•

c(n) ∼ µnn0, E(Dn) ∼ n1/2.

• d



⇒

•

•





• a(n) n A(t) =
∑

n≥0 a(n)t
n

•

4 5 6

2 31

•

A(t) = 1+ 2
t

1− t
+ tA(t) + 2A(t)

t2

1− t

A(t) =
1+ t

1− 2t− t2
⇒ a(n) ∼ (1 +

√
2)n ∼ (2.41...)n



•

E(Xn) = 0, E(X2
n) ∼ n, E(Yn) ∼ n
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• v0, . . . , vi, . . . , vn
y0 ≤ yi < yn 1 ≤ i ≤ n

•

b(n) ∼ µnbridgen
γ′

µbridge = µSAW





vn

v0

⇒



• k+1

B(k+1)(t) =
∑

n
b(k+1)
n tn =

tk+1

Gk(t)
,

G−1 = 1 G0 = 1− t k ≥ 0

Gk+1 = (1− t+ t2 + t3)Gk − t2Gk−1.



• k+1

B(k+1)(t) =
∑

n
b(k+1)
n tn =

tk+1

Gk(t)
,

G−1 = 1 G0 = 1− t k ≥ 0

Gk+1 = (1− t+ t2 + t3)Gk − t2Gk−1.

• k

E(k)(t) =
1

t

(

Gk−1

Gk
− 1

)

.

y0 = 0 = yn yi ≥ 0 1 ≤ i ≤ n



Last return to height 0

First return to height 0

• k +1

B(k+1) = tB(k) + E(k)t2B(k)

• k

E(k) = 1+ tE(k) + t2
(

E(k−1) − 1
)

+ t3
(

E(k−1) − 1
)

E(k)

• E(−1) = 1 B(1) = t/(1− t)



• k+1

B(k+1)(t) =
∑

n
b(k+1)
n tn =

tk+1

Gk(t)
,

G−1 = 1 G0 = 1− t k ≥ 0

Gk+1 = (1− t+ t2 + t3)Gk − t2Gk−1.

• k

E(k)(t) =
1

t

(

Gk−1

Gk
− 1

)

.

y0 = 0 = yn yi ≥ 0 1 ≤ i ≤ n



•

B(t) =
∑

k≥0

tk+1

Gk



•

B(t) =
∑

k≥0

tk+1

Gk

•

B(t) =
I(t)

1− I(t)
⇒ I(t) =

B(t)

1 +B(t)



•

B(t) =
∑

k≥0

tk+1

Gk

•

B(t) =
I(t)

1− I(t)
⇒ I(t) =

B(t)

1 +B(t)

•

W (t) =
1

1− (2I(t)− t)
=

1

1−
(

2B(t)
1+B(t) − t

)

G−1 = 1 G0 = 1− t k ≥ 0

Gk+1 = (1− t+ t2 + t3)Gk − t2Gk−1.



B(t) =
∑

k≥0

tk+1

Gk
, W (t) =

1

1−
(

2B(t)
1+B(t) − t

)

G−1 = 1 G0 = 1− t k ≥ 0

Gk+1 = (1− t+ t2 + t3)Gk − t2Gk−1.

Gk k = 20
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B(t) =
∑

k≥0

tk+1

Gk
, W (t) =

1

1−
(

2B(t)
1+B(t) − t

)

• B(t) W (t) C \ E E
[−

√
2− 1,−1] [

√
2− 1,1]

E0 =

{

x+ iy : x ≥ 0, y2 =
1− x2 − 2x3

1 + 2 x

}

.
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B(t) =
∑

k≥0

tk+1

Gk
, W (t) =

1

1−
(

2B(t)
1+B(t) − t

)

• B(t) W (t) C \ E E
[−

√
2− 1,−1] [

√
2− 1,1]

E0 =

{

x+ iy : x ≥ 0, y2 =
1− x2 − 2x3

1 + 2 x

}

.

B W

• B(t)
√
2− 1 W (t) ρ

1 = 2B(ρ)
1+B(ρ) − ρ



B(t) =
∑

k≥0

tk+1

Gk
, W (t) =

1

1−
(

2B(t)
1+B(t) − t

)

• B(t) W (t) C \ E E
[−

√
2− 1,−1] [

√
2− 1,1]

E0 =

{

x+ iy : x ≥ 0, y2 =
1− x2 − 2x3

1 + 2 x

}

.

B W

• B(t)
√
2− 1 W (t) ρ

1 = 2B(ρ)
1+B(ρ) − ρ

• w(n) n

w(n) ∼ µn,

µ ) 2.54



•

W (t, x) =
1

1− x
(

2B(t)
1+B(t) − t

)

• Nn Nn

n

E(Nn) ∼ mn, V(Nn) ∼ s
2 n,

m ) 0.318 s
2 ) 0.7,

Nn−mn
s

√
n

E(Nn) n
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i

h

j
•

•

T(t; u, v,w) =
∑

ω
t|ω|ui(ω)vj(ω)wh(ω)

u v w



i

h

j
•

•
(

1−
uvwt(1− t2)

(u− tv)(v − tu)

)

T(t; u, v, w) =

1+ T (t;w, u) + T (t;w, v)− tv
T (t; v,w)

u− tv
− tu

T (t;u,w)

v − tu

T (t;u, v) = tvT(t; u, tu, v)

•

P(t; u) = 1+ 4T(t; u, u, u)− 4T(t; 0, u, u)



ij i

•

•
•



•
(

1−
uvwt(1− t2)

(u− tv)(v − tu)

)

T(t; u, v, w) = 1+T (w, u)+T (w, v)−tv
T (v, w)

u− tv
−tu

T (u,w)

v − tu

T (u, v) = tvT(t; u, tu, v)

•
(

1−
uvt(1− t2)

(u− tv)(v − tu)

)

T(t; u, v) = 1 + · · · −
t2v

u− tv
T(t; tv, v) −

t2u

v − tu
T(t; u, tu)

•
(

1−
tu(1− t2)

(1− tu)(u− t)

)

T(t; u) =
1

1− tu
+ t

u− 2t

u− t
T(t; t)



P2(t) =
1

1− 2t− 2t2 + 2t3






1+ t− t3 + t(1− t)

√

√

√

√

1− t4

1− 2t− t2









P3(t) =
1

1− 2t− t2

(

1+ 3t+ tq(1− 3t− 2t2)

1− tq
+2t2q T(t; 1, t)

)

T(t; 1, t) =
∑

k≥0

(−1)k
∏k−1
i=0

(

t
1−tq − U(qi+1)

)

∏k
i=0

(

tq
q−t − U(qi)

)

(

1+
U(qk)− t

t(1− tU(qk))
+

U(qk+1)− t

t(1− tU(qk+1))

)

U(w) =
1− tw + t2 + t3w −

√

(1− t2)(1 + t− tw + t2w)(1− t− tw − t2w)

2t
,

q = U(1) =
1− t+ t2 + t3 −

√

(1− t4)(1− 2t− t2)

2t
.



• n

p2(n) ∼ κ2 µ
n, p3(n) ∼ κ3 µ

n

µ ) 2.48...

µ3 − 2µ2 − 2µ+2 = 0.

2.41... 2.54...

2.64...

•

p4(n) ∼ κ4 µ
n

µ



• Xn Yn δn

E(Xn) = E(Yn) ∼ n E((Xn − Yn)
2) ∼ n, E(δn) ∼ 4.15 . . .

Xn

Yn

δn
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• ⇒
O(n2)

•

E(Xn) = E(Yn) ∼ n E((Xn − Yn)
2) ∼ n, E(δn) ∼ 4.15 . . .



• ∼ κn

• ⇒
O(n3)
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•
(

1−
uvwt(1− t2)

(u− tv)(v − tu)

)

T(u, v, w) = 1+ T (w, u)+ T (w, v)− tv
T (v, w)

u− tv
− tu

T (u,w)

v − tu

T (u, v) = tvT(u, tu, v)

•

p4(n) ∼ κ4 µ
n

µ ) 2.48 µ3 − 2µ2 − 2µ+2 = 0

• O(n4)
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n
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•

Z(u) =
∫ 3u/7

0

(

W(s)≥0 e1 + W(s)<0 e2
)

ds

e1, e2 R2 W (s)



n R2

a > 0

lim inf
||ωn||
n

≥ a.

• a > 0 ||ωn||
n → a

• ωn
||ωn||



•
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•



P(t; 1) =
6t(1 + t)

1− 3t− 2t2

(

1 + t (1 + 2t)R(t; 1, t)
)

R(t; 1, t) = (1+ Y )(1 + tY )
∑

k≥0

t(
k+1
2 )

(

Y (1− 2t2)
)k

(Y (1− 2t2); t)k+1

(

Y t2

1− 2t2
; t

)

k

Y =
1− 2t− t2 −

√

(1− t)(1− 3t− t2 − t3)

2t2

(a; q)n = (1− a)(1− aq) · · · (1− aqn−1).

• P(t; 1)

Y tk(1− 2t2) = 0


