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SOME THEOREMS ON FOURIER COEFFICIENTS 

WALTER RUDIN1 

I. Trigonometric polynomials with coefficients ? 1. Consider the 
trigonometric polynomial 

N 

(1. 1) P(ei0) = C-ne inO 
n=1 

where Cn = ? 1. If we set IIPI|k = maxo I P(e0) |, the Parseval theorem 
shows that IIPII N"12, and the following problem arises: does there 
exist an absolute constant A with the property that for each N one can 
find El, , eN, equal to ? 1, so that 
(1.2) ||P|| AN"l2, 

where P is given by (1.1)? 
If one allows the coefficients Cn to be complex numbers of absolute 

value 1, an affirmative answer to the question is furnished by the 
partial sums of the series ZE inlogneinO; this example is due to Hardy 
and Littlewood [4, pp. 116-118]. A theorem of Salem and Zygmund 
[2, pp. 270, 278] shows, roughly speaking, that (N log N)"12 is the 
"most probable" order of magnitude for ||P||X if C-n = ? 1. 

During the summer of 1958, Salem drew my attention to the prob- 
lem stated in the first paragraph. It turns out that an affirmative 
answer can be given by a construction which uses nothing more 
sophisticated than the parallelogram law 

(1.3) a+, 2 + Ia-,B2 = 21a12+21, 2. 

After I found this construction I learned that the problem had been 
solved earlier, by essentially the same method, in the 1951 Master's 
Thesis of H. S. Shapiro [3]. Since the result is needed in Part II of 
this paper, I am publishing the proof here, with Shapiro's consent. 
As in the Hardy-Littlewood example, the polynomials (1.1) may 
actually be taken as the partial sums of a fixed series E 1 Cne : 

THEOREM I. There exists a sequence n } (n=1, 2, 3, * ), with 
En= I or -1, such that 

N 

(1.4) -n ineO~ < SN" 2 (0 < C < 2wr; N = 1, 2, 3,. 
n=l 

Received by the editors March 26, 1959. 
1 The author is a Research Fellow of the Alfred P. Sloan Foundation. This work 

was supported in part by Air Force Contract SAR/AF 49(638)153. 
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Shapiro, 1951 Rudin, 1959

problem:
find the lowest constant A
and a polynomial P , with
degree n and all coefficients
equal to ±1, that achieves
the bound

max
|z|=1

|P (z)| ≤ A
√
n+ 1

A =
√
2

P = Shapiro polynomial

Some divide-and-conquer recurrences: Rudin-Shapiro



P0(x) = 1 Q1(x) = 1

Pk+1(x) = Pk(x) + x2
k
Qk(x) Qk+1(x) = Pk(x)− x2

k
Qk(x)

P1(x) = 1 + x

P2(x) = 1 + x+ x2 − x3
P3(x) = 1 + x+ x2 − x3 + x4 + x5 − x6 + x7

P4(x) = 1 + x+ x2 − x3 + x4 + x5 − x6 + x7 + x8 + x9 + x10 − x11
−x12 − x13 + x14 − x15

P = Shapiro polynomial
P∞(x) = 1 + x+ x2 − x3 + x4 + x5 − x6 + x7 + x8 + x9 + x10 − x11
− x12 − x13 + x14 − x15 + x16 + x17 + x18 − x19 + x20 + x21 − x22
+ x23 − x24 − x25 − x26 + x27 + x28 + x29 − x30 + x31 + x32 + · · ·

coefficients −→ Rudin-Shapiro sequence an

Some divide-and-conquer recurrences: Rudin-Shapiro



a0 = 1 a1 = 1 (sequence A020985 in OEIS)
a2n = an a2n+1 = (−1)nan

a2n = an a4n+1 = an

a4n+3 = −a2n+1

an

a2n
=
an

a2n+1

a4n+1
=
an

a4n+3
=

−a2n+1

The Rudin-Shapiro sequence is
rational for the radix 2.

Some divide-and-conquer recurrences: Rudin-Shapiro



A sequence u is rational for the radix 2 if there
exists a finite dimensional vector space U , that

– contains the sequence u,
– is left stable by the operators vn 7→ v2n,
vn 7→ v2n+1.
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Allouche, J.-P., J. Shallit, The ring of k-regular sequences, Theoretical Computer Science 98 (1992) 
163-197. 

The automatic sequence is the central concept at the intersection of formal language theory and 
number theory. It was introduced by Cobham (1969, 1972), and has been extensively studied by 
Christ01 et al. (1980) and other writers. Since the range of automatic sequences is finite, however, 
their descriptive power is severely limited. 

In this paper, we generalize the concept of automatic sequence to the case where the sequence can 
take its values in a (possibly infinite) ring R; we call such sequences k-regular. (When R is finite, we 
obtain automatic sequences as a special case.) We argue that k-regular sequences provide a good 
framework for discussing many “naturally occurring” sequences, and we support this contention by 
exhibiting many examples of k-regular sequences from numerical analysis, topology, number theory, 
combinatorics, analysis of algorithms, and the theory of fractals. 

We investigate the closure properties of k-regular sequences. We prove that the set of k-regular 
sequences forms a ring under the operations of term-by-term addition and convolution. Hence, the 
set of associated formal power series in R[ [X]] also forms a ring. 

We show how k-regular sequences are related to Z-rational formal series. We give a machine 
model for the k-regular sequences. We prove that all k-regular sequences can be computed quickly. 

Let the pattern sequence!+(n) count the number of occurrences of the pattern P in the base-k 
expansion of n. Morton and Mourant (1989) showed that every sequence over Z has a unique 

*A preliminary version of this paper was presented at the Symposium on Theoretical Aspects of 
Computer Science (STACS) in Rouen, France, on February 24, 1990. 

** Research supported in part by “PICS: Theorie des nombres et ordinateurs”. 
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tion, and a Walter Burke award from Dartmouth College. 
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Abstract

Flajolet, Ph., P. Zimmermann and B.V. Cutsem, A calculus for the random generation of labelled
combinatorial structures, Theoretical Computer Science 132 (1994) 1-35.

A systematic approach to the random generation of labelled combinatorial objects is presented. It
applies to structures that are decomposable, i.e., formally specifiable by grammars involving set,
sequence, and cycle constructions. A general strategy is developed for solving the random generation
problem with two closely related types of methods: for structures of size n, the boustrophedonic
algorithms exhibit a worst-case behaviour of the form 0(n log n); the sequential algorithms have
worst case 0(n 3), while offering good potential for optimizations in the average case. The complexity
model is in terms of arithmetic operations and both methods appeal to precomputed numerical table
of linear size that can be computed in time 0(n 3 ).

A companion calculus permits systematically to compute the average case cost of the sequential
generation algorithm associated to a given specification. Using optimizations dictated by the cost
calculus, several random generation algorithms of the sequential type are developed; most of them
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This article proposes a surprisingly simple framework for the random generation of com-
binatorial configurations based on what we call Boltzmann models. The idea is to perform
random generation of possibly complex structured objects by placing an appropriate
measure spread over the whole of a combinatorial class – an object receives a probability
essentially proportional to an exponential of its size. As demonstrated here, the resulting
algorithms based on real-arithmetic operations often operate in linear time. They can be
implemented easily, be analysed mathematically with great precision, and, when suitably
tuned, tend to be very efficient in practice.

1. Introduction

In this study, Boltzmann models are introduced as a framework for the random generation

of structured combinatorial configurations, such as words, trees, permutations, constrained

graphs, and so on. A Boltzmann model relative to a combinatorial class C depends on

a real-valued (continuous) control parameter x > 0 and places an appropriate measure

that is spread over the whole of C. This measure is essentially proportional to x|ω| for an

object ω ∈ C of size |ω|. Random objects under a Boltzmann model then have a fluctuating

size, but objects with the same size invariably occur with the same probability. In particular,

a Boltzmann sampler (i.e., a random generator that produces objects distributed according

problem:

draw with uniform
distribution a length n word
from a regular language

Some divide-and-conquer recurrences: dichopile algo.



problem:

draw with uniform
distribution a length n word
from a regular language

that is

draw with uniform
distribution a length n path

ending in a final state

#(s, `) = number of paths
starting from s ending in a
final state with ` steps

−→ storing all #(s, `) for 0 ≤ ` ≤ n

idea: storing only #(s, `) for ` =
1

2
n, ` =

3

4
n, ` =

7

8
n . . . n

and recompute when necessary

gain:

space O(n) −→ O(log n)

time O(n) −→ O(n log n)

Some divide-and-conquer recurrences: dichopile algo.



f(n) = n+ f(bn/2c − 1) + g(dn/2e)
g(n) = f(bn/2c − 1) + g(dn/2e)
f(1) = 1 g(1) = 0

f(0) = 0 g(0) = 0

System of
linear

divide-and-conquer equations

f(z) =
z

(1− z)2 + z2(1 + z)f(z2) +

(
1 +

1

z

)
g(z2)

g(z) = z2(1 + z)f(z2) +

(
1 +

1

z

)
g(z2)

System of
Mahler’s equations

δn = ∇fn = fn − fn−1

δ(z) = (1− z)f(z)

δ = 1, 1, 1, 2, 1, 2, 2, 2, 1, 3, 2, 2, 2, 3, 2, 3, 1, 3, 3, 2, 2 . . .

(not yet in OEIS :-)

45

La complexité en temps dépend du nombre d’appels à la fonction F et ce nombre
dépend de la différence entre la dernière valeur empilée (j) et celle qu’il faut calculer
(n − i). Pour calculer cette complexité, nous nous référons à un schéma récursif
décrivant les calculs effectués par l’algorithme selon deux fonctions, f et g, qui
s’appellent mutuellement. Le schéma de calcul est représenté à la figure 2.9.

0 n/2
3n
4

7n
8 n

f(n)

f(n/2 − 1) g(n/2)

f(n/4 − 1) g(n/4)

Figure 2.9 – Schéma récursif du nombre d’appels à la fonction F fait par l’algorithme 3.
Pour simplifier la figure, nous avons omis les parties entières

La fonction f désigne le nombre d’opérations nécessaires lorsque la pile est vide,
alors que la fonction g désigne le nombre d’opérations effectuées lorsque la pile
contient des valeurs intermédiaires. On voit que pour la fonction f(n), il faudra
d’abord appeler n fois F , puis refaire le même travail sur la première moitié alors que
pour la deuxième moitié, plusieurs valeurs intermédiaires sont déjà stockées, d’où
l’appel à g. g fait appel à f pour la première moitié car la première valeur empilée se
trouve à la moitié. Ainsi, le nombre d’appels à F pour tirer un chemin de longueur n
est égal à f(n) qui est définie ainsi :

f(n) = n + f(�n/2� − 1) + g(�n/2�)
g(n) = f(�n/2� − 1) + g(�n/2�)
f(1) = 1

g(1) = 0

Pour en déduire la complexité de cet algorithme, on va encadrer cette formule avec
les fonctions f−(n) et f+(n) définies telles que :

f−(n) ≤ f(n) ≤ f+(n)

Some divide-and-conquer recurrences: dichopile algo.



δ(z) = (1− z)f(z)

section operators

S0

+∞∑

n=0

unz
n =

+∞∑

n=0

u2nz
n S1

+∞∑

n=0

unz
n =

+∞∑

n=0

u2n+1z
n

S0u(z
2) = u(z) S1u(z

2) = 0

S0(uv) = S0uS0v + zS1uS1v S1(uv) = S1uS0v + S0uS1v

Some divide-and-conquer recurrences: dichopile algo.



δ(z) = (1− z)f(z)

V = Q[z]1
1

1− z +Q[z]1(1− z)f(z) +Q[z]1
1− z
z

g(z)

δ(z) ∈ V

S0V ⊂ V

S1V ⊂ V

The dichopile algorithm defines a
sequence δn, which is a 2-rational
sequence.
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La complexité en temps dépend du nombre d’appels à la fonction F et ce nombre
dépend de la différence entre la dernière valeur empilée (j) et celle qu’il faut calculer
(n − i). Pour calculer cette complexité, nous nous référons à un schéma récursif
décrivant les calculs effectués par l’algorithme selon deux fonctions, f et g, qui
s’appellent mutuellement. Le schéma de calcul est représenté à la figure 2.9.

0 n/2
3n
4

7n
8 n

f(n)

f(n/2 − 1) g(n/2)

f(n/4 − 1) g(n/4)
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La fonction f désigne le nombre d’opérations nécessaires lorsque la pile est vide,
alors que la fonction g désigne le nombre d’opérations effectuées lorsque la pile
contient des valeurs intermédiaires. On voit que pour la fonction f(n), il faudra
d’abord appeler n fois F , puis refaire le même travail sur la première moitié alors que
pour la deuxième moitié, plusieurs valeurs intermédiaires sont déjà stockées, d’où
l’appel à g. g fait appel à f pour la première moitié car la première valeur empilée se
trouve à la moitié. Ainsi, le nombre d’appels à F pour tirer un chemin de longueur n
est égal à f(n) qui est définie ainsi :

f(n) = n + f(�n/2� − 1) + g(�n/2�)
g(n) = f(�n/2� − 1) + g(�n/2�)
f(1) = 1

g(1) = 0

Pour en déduire la complexité de cet algorithme, on va encadrer cette formule avec
les fonctions f−(n) et f+(n) définies telles que :

f−(n) ≤ f(n) ≤ f+(n)
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[...]

b(z) =

+∞∏

k=0

1

1− z2k

(1− z)b(z) = b(z2)

bn = bn−1 + bn/2

Some divide-and-conquer recurrences: binary partitions



Cayley, 1857

(sequence A000123 in OEIS)

bn = bn−1 + bn/2

b2n '
n→+∞

exp(
ln2 n

2
)

Mahler, 1940

Some divide-and-conquer recurrences: binary partitions



(sequence A000123 in OEIS)

bn = bn−1 + bn/2

b2n+1 = b2n

b2n = b2n−1 + bn

b2n '
n→+∞

exp(
ln2 n

2
)

The binary partitions do not
define a 2-rational sequence.
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V = Q[z]1(1− z)f(z) +Q[z]1
1− z
z

g(z) +Q[z]1
1

1− z 3 δ(z)

B = (1− z)f(z), z(1− z)f(z), 1− z
z

g(z), (1− z)g(z), 1

1− z ,
z

1− z

S0, S1 −→ square matrices A0, A1 δ(z) −→ column vector C

A0 =




0 0 0 0 0 0

1 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

0 0 0 0 1 0

1 1 0 0 0 1




A1 =




0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 1 0 0

0 0 0 0 0 0

1 0 0 0 1 1

0 1 0 0 0 0




C =




1

0

0

0

0

0
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La complexité en temps dépend du nombre d’appels à la fonction F et ce nombre
dépend de la différence entre la dernière valeur empilée (j) et celle qu’il faut calculer
(n − i). Pour calculer cette complexité, nous nous référons à un schéma récursif
décrivant les calculs effectués par l’algorithme selon deux fonctions, f et g, qui
s’appellent mutuellement. Le schéma de calcul est représenté à la figure 2.9.

0 n/2
3n
4

7n
8 n
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Figure 2.9 – Schéma récursif du nombre d’appels à la fonction F fait par l’algorithme 3.
Pour simplifier la figure, nous avons omis les parties entières

La fonction f désigne le nombre d’opérations nécessaires lorsque la pile est vide,
alors que la fonction g désigne le nombre d’opérations effectuées lorsque la pile
contient des valeurs intermédiaires. On voit que pour la fonction f(n), il faudra
d’abord appeler n fois F , puis refaire le même travail sur la première moitié alors que
pour la deuxième moitié, plusieurs valeurs intermédiaires sont déjà stockées, d’où
l’appel à g. g fait appel à f pour la première moitié car la première valeur empilée se
trouve à la moitié. Ainsi, le nombre d’appels à F pour tirer un chemin de longueur n
est égal à f(n) qui est définie ainsi :

f(n) = n + f(�n/2� − 1) + g(�n/2�)
g(n) = f(�n/2� − 1) + g(�n/2�)
f(1) = 1

g(1) = 0

Pour en déduire la complexité de cet algorithme, on va encadrer cette formule avec
les fonctions f−(n) et f+(n) définies telles que :

f−(n) ≤ f(n) ≤ f+(n)

2-rational sequences: linear representation – 1



generating function column vector

δ(z) =

+∞∑

n=0

δnz
n C

S1δ(z) =

+∞∑

n=0

δ2n+1z
n A1C

S0S1δ(z) =

+∞∑

n=0

δ4n+1z
n A0A1C

S1S0S1δ(z) =

+∞∑

n=0

δ8n+5z
n A1A0A1C

S1S1S0S1δ(z) =
+∞∑

n=0

δ16n+13z
n A1A1A0A1C

δ13 = LA1A1A0A1C

L =
[
0 0 0 0 1 0

]

evaluation at 0
−→ row vector L

13 = (1101)2
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La complexité en temps dépend du nombre d’appels à la fonction F et ce nombre
dépend de la différence entre la dernière valeur empilée (j) et celle qu’il faut calculer
(n − i). Pour calculer cette complexité, nous nous référons à un schéma récursif
décrivant les calculs effectués par l’algorithme selon deux fonctions, f et g, qui
s’appellent mutuellement. Le schéma de calcul est représenté à la figure 2.9.

0 n/2
3n
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f(n/4 − 1) g(n/4)

Figure 2.9 – Schéma récursif du nombre d’appels à la fonction F fait par l’algorithme 3.
Pour simplifier la figure, nous avons omis les parties entières

La fonction f désigne le nombre d’opérations nécessaires lorsque la pile est vide,
alors que la fonction g désigne le nombre d’opérations effectuées lorsque la pile
contient des valeurs intermédiaires. On voit que pour la fonction f(n), il faudra
d’abord appeler n fois F , puis refaire le même travail sur la première moitié alors que
pour la deuxième moitié, plusieurs valeurs intermédiaires sont déjà stockées, d’où
l’appel à g. g fait appel à f pour la première moitié car la première valeur empilée se
trouve à la moitié. Ainsi, le nombre d’appels à F pour tirer un chemin de longueur n
est égal à f(n) qui est définie ainsi :

f(n) = n + f(�n/2� − 1) + g(�n/2�)
g(n) = f(�n/2� − 1) + g(�n/2�)
f(1) = 1

g(1) = 0

Pour en déduire la complexité de cet algorithme, on va encadrer cette formule avec
les fonctions f−(n) et f+(n) définies telles que :

f−(n) ≤ f(n) ≤ f+(n)

2-rational sequences: evaluation



A linear representation of a 2-rational sequence is a triple
L, (A0, A1), C such that for every nonnegative integer
n = (bK . . . b1b0)2 the value of the sequence is

un = LAbK · · ·Ab1Ab0C.

A 2-rational sequence has an order of growth at most
polynomial:

|un| ≤ ‖L‖‖AbK‖ · · · ‖Ab1‖‖Ab0‖‖C‖ ≤ γM log2 n = γnα.

2-rational sequences: linear representation – 2
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1. Introduction

This article shows a new domain of application for tools of linear algebra, namely joint spectral
radius and dilation equations. Its topic is the asymptotic study of a class of sequences, which fall
into the class of divided-and-conquer sequences. The sequences under consideration satisfy a linear
recursion with constant coefficients that essentially links the value for the index n to the value for the
index n/2.

Example 1 (Oddnumbers in Pascal triangle). We take a simple examplewith the sequence un which
counts the number of odd numbers in the first n rows (that is to say rows number k with 0 ! k < n)
of the Pascal triangle [20,26]. This sequence satisfies un = 2u!n/2" + u#n/2$, that is
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A process of computation–1



Data: a linear representation L, A0, A1, C for the backward differ-
ences un = ∇sn of a 2-rational sequence sn

Result: an asymptotic expansion

sN =
N→+∞

∑

ρ,ϑ,m

N log2 ρ

(
log2N

m

)
× eiϑ log2N × Φρ,ϑ,m(log2N)

+O(N log2 r)
ρ > r > 0

ϑ real
m nonnegative integer
Φ 1-periodic function

A process of computation–1



notation:
Aw = Aw1Aw2 · · ·Aw`

for w = w1w2 . . . w`
sN =

∑

0≤n≤N
un =

∑

0≤n≤N
n=(w)2

LAwC

SK(x) =
∑

|w|=K
(0.w)2≤x

LAwC for 0 ≤ x ≤ 1

sN = L(Id−A0)

K∑

k=0

QkC + SK+1(2
{t}−1)

t = log2N

K = btc {t} = t−K
Q = A0 +A1

A mere idea



sN = L(Id−A0)

K∑

k=0

QkC + SK+1(2
{t}−1)

t = log2N

K = btc {t} = t−K
Q = A0 +A1

L(Id−A0)

K∑

k=0

QkC classical rational sequence

SK+1(2
{t}−1) to be studied

A mere idea



Process:

1. compute the joint spectral radius ρ∗ of (A0, A1)

2. compute a reduced Jordan form for Q = A0 +A1

3. the eigenvalues with modulus ≤ ρ∗ contributes to the error term
4. expand C over the Jordan basis and retain only the part for the
eigenvalues > ρ∗

5. solve the dilation equations
6. write the asymptotic expansion for SK(x)

7. translate it into an asymptotic expansion for sN
8. gaze at the result

A process of computation–2



ρ∗ = lim
K→+∞

max
|w|=K

‖Aw‖1/K

= inf
K≥1

max
|w|=K

‖Aw‖1/K

Joint spectral radius
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Joint spectral radius



ρ∗ = 1 = lim
K→+∞

max
|w|=K

‖Aw‖1/K∞45

La complexité en temps dépend du nombre d’appels à la fonction F et ce nombre
dépend de la différence entre la dernière valeur empilée (j) et celle qu’il faut calculer
(n − i). Pour calculer cette complexité, nous nous référons à un schéma récursif
décrivant les calculs effectués par l’algorithme selon deux fonctions, f et g, qui
s’appellent mutuellement. Le schéma de calcul est représenté à la figure 2.9.

0 n/2
3n
4

7n
8 n

f(n)

f(n/2 − 1) g(n/2)

f(n/4 − 1) g(n/4)

Figure 2.9 – Schéma récursif du nombre d’appels à la fonction F fait par l’algorithme 3.
Pour simplifier la figure, nous avons omis les parties entières

La fonction f désigne le nombre d’opérations nécessaires lorsque la pile est vide,
alors que la fonction g désigne le nombre d’opérations effectuées lorsque la pile
contient des valeurs intermédiaires. On voit que pour la fonction f(n), il faudra
d’abord appeler n fois F , puis refaire le même travail sur la première moitié alors que
pour la deuxième moitié, plusieurs valeurs intermédiaires sont déjà stockées, d’où
l’appel à g. g fait appel à f pour la première moitié car la première valeur empilée se
trouve à la moitié. Ainsi, le nombre d’appels à F pour tirer un chemin de longueur n
est égal à f(n) qui est définie ainsi :

f(n) = n + f(�n/2� − 1) + g(�n/2�)
g(n) = f(�n/2� − 1) + g(�n/2�)
f(1) = 1

g(1) = 0

Pour en déduire la complexité de cet algorithme, on va encadrer cette formule avec
les fonctions f−(n) et f+(n) définies telles que :

f−(n) ≤ f(n) ≤ f+(n)

Joint spectral radius
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Jordan reduction



Q = A0 +A1 =




0 0 1 0 0 0

1 1 0 1 0 0

1 0 1 1 0 0

0 1 0 0 0 0

1 0 0 0 2 1

1 2 0 0 0 1




R = P−1QP

R =




2 1 0 0 0 0

0 2 0 0 0 0

0 0 1 1 0 0

0 0 0 1 0 0

0 0 0 0 −1 0

0 0 0 0 0 0




P =
1

12




0 2 0 6 −2 −6
0 4 0 −6 2 0

0 4 0 6 2 0

0 2 0 −6 −2 6

12 −16 6 15 1 0

0 10 −6 −15 −1 6
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0 n/2
3n
4

7n
8 n

f(n)

f(n/2 − 1) g(n/2)

f(n/4 − 1) g(n/4)
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alors que la fonction g désigne le nombre d’opérations effectuées lorsque la pile
contient des valeurs intermédiaires. On voit que pour la fonction f(n), il faudra
d’abord appeler n fois F , puis refaire le même travail sur la première moitié alors que
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f(n) = n + f(�n/2� − 1) + g(�n/2�)
g(n) = f(�n/2� − 1) + g(�n/2�)
f(1) = 1

g(1) = 0
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K(1) = 2KLV 0

2

S1
K(1) = K2K−1LV 0

2 + 2KLV 1
2

S0
K(x) = 2KLF 0(x) +O(rK)

S1
K(x) = K2K−1LF 0(x) + 2KLF 1(x) +O(rK)

Jordan cell JK =

[
2K K2K−1

0 2K

]

V 0
2 V 1

2

F (x)J = A0F (2x) +A1F (2x− 1)
F (x) = 0 for x ≤ 0

F (x) = V2 for x ≥ 1

(6× 2)(2× 2)(6× 6)(6× 2) (6× 6) (6× 2)
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décrivant les calculs effectués par l’algorithme selon deux fonctions, f et g, qui
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TWO-SCALE DIFFERENCE EQUATIONS
I. EXISTENCE AND GLOBAL REGULARITY OF SOLUTIONS*

INGRID DAUBECHIESf: AND JEFFREY C. LAGARIAS"

NAbstract. A two-scale difference equation is a functional equation of the form f(x) Y,=o
where a > and /3o</31 <"" </3, are real constants, and c, are complex constants. Solutions of such
equations arise in spline theory, in interpolation schemes for constructing curves, in constructing wavelets
of compact support, in constructing fractals, and in probability theory. This paper studies the existence and
uniqueness of Ll-solutions to such equations. In particular, it characterizes Ll-solutions having compact
support. A time-domain method is introduced for studying the special case of such equations where
{a,/30, ,/3,} are integers, which are called lattice two-scale difference equations. It is shown that if a lattice
two-scale difference equation has a compactly supported solution in cm(a), then m < (/3, -/30)/(a 1)- 1.

Key words, wavelets, subdivision algorithms, fractals

AMS(MOS) subject classifications. 26A15, 26A18, 39A10, 42A05

1. Introduction. A two-scale difference equation is a functional equation ofthe form
N

(1.1) f(x)= cnf(x-,)
n----O

where a > 1 and/30 </31 <" </3n are real constants, and x takes real values, while
the c, are complex constants. The right side of (1.1) is typical for difference equations,
and the name two-scale difference equation reflects the fact that (1.1) relates translates
of scaled versions ofthe same function, involving two different scales. A lattice two-scale
difference equation is the special case where a and all/3, are integers, i.e.,

N

(1.2) f(x)= E c,f(kx-n)
n----0

where k >= 2 is an integer. The apparently more general equation

(1.3) f(x)= E c.f(kx- n)
--N

can be reduced to the form (1.2) by the change of variable y x- N1/(k- 1).
This paper and its sequel (Daubechies and Lagarias (1988), hereafter called part

II) study Ll-solutions of two-scale difference equations, and of lattice two-scale
difference equations in particular. The basic questions concern the existence, unique-
ness, and degree of regularity of solutions for a given equation. We treat in detail
Ll-solutions having compact support. In fact, two-scale difference equations always
have solutions in the sense of distributions and may also possess functions not in

Nas solutions, e.g., if ,=o c, 1, then the constant functions are solutions. However,
only for special sets of {a, ft,, c,} will (1.1) have any nonzero Ll-solutions.

Functions that satisfy lattice two-scale difference equations arise in several
different contexts. G. de Rham is credited with an example of a continuous,

* Received by the editors November 30, 1988; accepted for publication (in revised form) September 5,
1990.

" AT&T Bell Laboratories, Murray Hill, New Jersey 07974.
$ "Bevoegdverklaard Navorser" at the Belgian National Foundation for Scientific Research (on leave);
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F (x)J = A0F (2x) +A1F (2x− 1)
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Figure 2.9 – Schéma récursif du nombre d’appels à la fonction F fait par l’algorithme 3.
Pour simplifier la figure, nous avons omis les parties entières

La fonction f désigne le nombre d’opérations nécessaires lorsque la pile est vide,
alors que la fonction g désigne le nombre d’opérations effectuées lorsque la pile
contient des valeurs intermédiaires. On voit que pour la fonction f(n), il faudra
d’abord appeler n fois F , puis refaire le même travail sur la première moitié alors que
pour la deuxième moitié, plusieurs valeurs intermédiaires sont déjà stockées, d’où
l’appel à g. g fait appel à f pour la première moitié car la première valeur empilée se
trouve à la moitié. Ainsi, le nombre d’appels à F pour tirer un chemin de longueur n
est égal à f(n) qui est définie ainsi :

f(n) = n + f(�n/2� − 1) + g(�n/2�)
g(n) = f(�n/2� − 1) + g(�n/2�)
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Pour en déduire la complexité de cet algorithme, on va encadrer cette formule avec
les fonctions f−(n) et f+(n) définies telles que :

f−(n) ≤ f(n) ≤ f+(n)

Dilation equations



F 1
1 (x) =

1

2
F 1
3 (2x− 1)− 1

2
F 0
1 (x)

F 1
2 (x) =

1

2
F 1
1 (2x) +

1

2
F 1
4 (2x) +

1

2
F 1
2 (2x− 1)− 1
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F 0
2 (x)

F 1
3 (x) =

1
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F 1
3 (2x) +

1

2
F 1
1 (2x− 1) +

1

2
F 1
4 (2x− 1)− 1

2
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3 (x)

F 1
4 (x) =

1

2
F 1
2 (2x)−

1

2
F 0
4 (x)

F 1
5 (x) =

1

2
F 1
5 (2x) +

1
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F 1
1 (2x− 1) +

1
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F 1
5 (2x− 1) +

1

2
F 1
6 (2x− 1)− 1
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5 (x)

F 1
6 (x) =

1

2
F 1
1 (2x) +

1

2
F 1
2 (2x) +

1

2
F 1
6 (2x) +

1

2
F 1
2 (2x− 1)− 1

2
F 0
6 (x)
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La complexité en temps dépend du nombre d’appels à la fonction F et ce nombre
dépend de la différence entre la dernière valeur empilée (j) et celle qu’il faut calculer
(n − i). Pour calculer cette complexité, nous nous référons à un schéma récursif
décrivant les calculs effectués par l’algorithme selon deux fonctions, f et g, qui
s’appellent mutuellement. Le schéma de calcul est représenté à la figure 2.9.
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f(1) = 1

g(1) = 0

Pour en déduire la complexité de cet algorithme, on va encadrer cette formule avec
les fonctions f−(n) et f+(n) définies telles que :
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Dilation equations
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2 (x) F 0
3 (x)

F 0
4 (x) F 0

5 (x) F 0
6 (x)

cascade algorithm
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dépend de la différence entre la dernière valeur empilée (j) et celle qu’il faut calculer
(n − i). Pour calculer cette complexité, nous nous référons à un schéma récursif
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alors que la fonction g désigne le nombre d’opérations effectuées lorsque la pile
contient des valeurs intermédiaires. On voit que pour la fonction f(n), il faudra
d’abord appeler n fois F , puis refaire le même travail sur la première moitié alors que
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Dilation equations



Process:

1. compute the joint spectral radius ρ∗ of (A0, A1)

2. compute a reduced Jordan form for Q = A0 +A1

3. the eigenvalues with modulus ≤ ρ∗ contributes to the error term
4. expand C over the Jordan basis and retain only the part for the
eigenvalues > ρ∗

5. solve the dilation equations
6. write the asymptotic expansion for SK(x)

7. translate it into an asymptotic expansion for sN
8. gaze at the result

Asymptotic expansion for SK(x)



S0
K(x) = 2KF 0

5 (x) +O(rK)

S1
K(x) = K2K−1F 0

5 (x) + 2KF 1
5 (x) +O(rK)

SK(x) =
K→+∞

2K−1(K + 2)x+ 2KF 1
5 (x) +O(rK)

1 < r < 2
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1. compute the joint spectral radius ρ∗ of (A0, A1)

2. compute a reduced Jordan form for Q = A0 +A1

3. the eigenvalues with modulus ≤ ρ∗ contributes to the error term
4. expand C over the Jordan basis and retain only the part for the
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7. translate it into an asymptotic expansion for sN
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Asymptotic expansion for sN



sN = L(Id−A0)

K∑

k=0

QkC + SK+1(2
{t}−1)

SK(x) =
K→+∞

2K−1(K + 2)x+ 2KF 1
5 (x) +O(rK)

fN =
N→+∞

N

2
log2N +NΦ(log2N) +O(N ε)

Φ(t) =
3− {t}

2
+ 21−{t}F 1

5 (2
{t}−1)

1 < r < 2

0 < ε < 1

Φ(t) 1-periodic

Φ(t) Hölder with exponent log2(2/r) = 1− ε
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ON SUMS OF RUDIN SHAPIRO COEFFICIENTS II

JOH N BRILLHART, PAUL ERDOS AND PATRICK MORTON

Let {a(n)} be the Rudin Shapiro sequence, and let s(n) =
!£ = o a(k) and t(n) =  I"k= 0( \ )ka(k). In this paper we show that the
sequences {s{n)/  Jn) and {t{n)/  Jn) do not have cumulative distribu 
tion functions, but do have logarithmic distribution functions (given by a
specific Lebesgue integral) at each point of the respective intervals ["/ 3/ 5,
yf!] and [0, V̂ ] The functions a(x) and s(x) sore also defined for real
x > 0, and the function [s(x) — a(x)]/  }/ x is shown to have a Fourier
expansion whose coefficients are related to the poles of the Dirichlet
series !~=, a(n)/ n\  where Re " >  {.

1. Introduction. In this paper we are concerned with the Rudin 
Shapiro sums

(1.1) s(x)= !a(k),
k =  0

(1.2) t(x)=  2 (~l)ka(k),
k =  0

where the numbers a(k) are defined recursively by

(1.3) a(2k) = a(k)9 a(2k + 1) =  ( l)ka(k), k>0,a(0) = l.

An explicit formula for a(k) is given by

(1.4) ! ( * ) =  ( !)«<*>,

where e(k) = !*Zo e, " / + 1 and k =  2s
i=0 z{!\  ",. =  0 or 1. (See [1], Satz 1.)

The properties of these sums have been developed in [1], where it is
shown that

0.5)

(1.6) 0 < / 3 ,

for n > 1, and that the sequences {s(n)/  fit] and {t{n)/  Jn) are dense in
the intervals [{f/ 5 ,y/ 6] and [0,

39
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8

Analysis of digital functions and applications

8.1 Introduction: digital functions

Digital functions in a rather informal and general sense are functions de-

fined in a way depending on the digits in some digital representation of

the integers. In the simplest case the digital representation is the q-adic

representation and the dependence of the function on the digits is additive

as for the sum-of-digits function given by

sq

(
K∑

k=0

εkqk

)
=

K∑

k=0

εk,

which also serves as the most prominent example for such functions.

As a very general reference for results on digital functions, we refer to

(Allouche and Shallit 2003). We remark that depending on the point of

view such maps f : N → A can be seen as (arithmetic) functions or se-

quences. The aim of this chapter is to study various asymptotic and limiting

properties of such functions.

For the convenience of the reader we collect the basic definitions as given

in (Allouche and Shallit 2003).

Automatic sequences

Definition 8.1.1 A sequence (v(n))n∈N is called q-automatic, if the collec-

tion of sequences

Kq(v) =
{(

v
(
qkn + "

))
n∈N | k ∈ N, 0 ≤ " < qk

}
, ”the q-kernel”, (8.1)

is finite.

This definition is equivalent to saying that the value v(n) can be determined

by a deterministic finite automaton on the q-adic digits of n. Furthermore,

this definition is equivalent to saying that the sequence (v(n))n∈N is the

4

Drmota, Grabner, 2010

D&C from standpoint of analytic number theory



The analytic approach
– has a wider scope of application than the linear algebra

approach,
– is trickier to apply.

A process of computation, anew



Process:

1. define the Dirichlet series associated to the backward differences
2. compute its absolute convergence abscissa σa
3. extend it to the left
4. apply the Mellin-Perron formula
5. shift the vertical line of integration to the left and collect the
residues

6. write the asymptotic expansion for sN
7. gaze at the result

A process of computation, anew



Process:

1. define the Dirichlet series associated to the backward differences
2. compute its absolute convergence abscissa σa
3. extend it to the left
4. apply the Mellin-Perron formula
5. shift the vertical line of integration to the left and collect the
residues

6. write the asymptotic expansion for sN

Dirichlet series



Dirichlet series: U(s) =
∑

n≥1

Un
ns

Dirichlet series



Process:

1. define the Dirichlet series associated to the backward differences
2. compute its absolute convergence abscissa σa
3. extend it to the left
4. apply the Mellin-Perron formula
5. shift the vertical line of integration to the left and collect the
residues

6. write the asymptotic expansion for sN

Abscissa of absolute convergence



Dirichlet series: U(s) =
∑

n≥1

Un
ns

Abscissa: σa = 1 + log2 ρ∗

-
σa

Usually difficult to compute.

Abscissa of absolute convergence



Process:

1. define the Dirichlet series associated to the backward differences
2. compute its absolute convergence abscissa σa
3. extend it to the left
4. apply the Mellin-Perron formula
5. shift the vertical line of integration to the left and collect the
residues

6. write the asymptotic expansion for sN

Extension as a meromorphic function



Dirichlet series: U(s) =
∑

n≥1

Un
ns

Abscissa: σa = 1 + log2 ρ∗

Extension: U(s)(Id−2−sQ) = ∇U(s)

∇U(s) = U1 +

+∞∑

n=1

(
1

(2n+ 1)s
− 1

(2n)s

)
UnA1

χ =
2π

ln 2

-
σa

q
q
q
q
q
q
q
q

σa + iχ

Perhaps no pole.

Extension as a meromorphic function



Process:

1. define the Dirichlet series associated to the backward differences
2. compute its absolute convergence abscissa σa
3. extend it to the left
4. apply the Mellin-Perron formula
5. shift the vertical line of integration to the left and collect the
residues

6. write the asymptotic expansion for sN

Mellin-Perron formula



Dirichlet series: U(s) =
∑

n≥1

Un
ns

Abscissa: σa = 1 + log2 ρ∗

Extension: U(s)(Id−2−sQ) = ∇U(s)

χ =
2π

ln 2

Mellin-Perron formula:
∑

1≤k<N
Uk +

1

2
UN =

1

2πi

∫

(γ)
U(s)N sds

s

-
σa

q
q
q
q
q
q
q
q

σa + iχ

(γ)

Mellin-Perron formula



Process:

1. define the Dirichlet series associated to the backward differences
2. compute its absolute convergence abscissa σa
3. extend it to the left
4. apply the Mellin-Perron formula
5. shift the vertical line of integration to the left and collect the
residues

6. write the asymptotic expansion for sN

Cauchy’s residues theorem



∑

1≤k<N
Uk +

1

2
UN

χ =
2π

ln 2
= Nσa

+∞∑

k=−∞
ck exp(

2ikπ lnN

ln 2
)

+
1

2πi

∫

(γ∞)
u(s)N sds

s

= NσaΦ(log2N) +O(N ε)

-
σaε

q
q
q
q
q
q
q
q

σa + iχ

(γ∞)
Perhaps divergence of the trigonometric series.
Order of growth at ±i∞ difficult to evaluate.
Mellin-Perron formula may not apply directly.

Cauchy’s residue theorem
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p4,0 =
ω4

8
(12 − 12 log π − 12ζ ′′(0) + 4ζ ′′′(0) − ζ (4)(0))(2.10)

− ω3( 3
2 + 6V ′

1(0) − 3V ′′
1 (0) + V ′′′

1 (0))

− ω2( 11
4 − 11

4 log π − 11
4 ζ ′′(0) − 9V ′

1(0) − 6V ′
2(0)

+ 9
2 V ′′

1 (0) + 3V ′′
2 (0))

+ ω

(

13
4

−
log π

2
− 4V ′

1(0) − 6V ′
2(0) − 4V ′

3(0)

)

−
83
160

.

In Section 4 we will obtain numerical approximations to these values.

3. Divide-and-Conquer Recurrences

The tools used above are applicable to recurrences of the type (1.9); in this section we

study some concrete examples.

3.1. Integral Representation

Recall that ∇$ fn := fn+1 − 2 fn + fn−1.

Proposition 4. Let α and β be two positive constants. Consider the recurrence

fn = α f$n/2% + β f&n/2' + gn (n ≥ 2),(3.1)

with f1 and the sequence {gn}n≥2 given. Let the abscissa of convergence of the Dirichlet

series W (s) :=
∑

n≥1 ∇$ fn n−s be σ f . Suppose that c > max{0, σ f , log2(α + β) − 1}.

Then the solution of (3.1) satisfies

fn

n
= f1 +

1
2π i

∫ c+i∞

c−i∞

ns

s(s + 1)

W (s)

1 − (α + β)2−s−1
ds,(3.2)

where ($ f (x) := $ f ($x%), f0 = g0 = g1 = 0),

W (s) = (α +β −2) f1(1−2−s−1)+
∑

n≥1

∇$gn

ns
+

(α − β)s
2s

∫ ∞

1

$ f (x)

xs+1
ξ(x) dx .

(3.3)

Proof. Define f (z) :=
∑

n≥1 fnzn and g(z) :=
∑

n≥2 gnzn . Then relation (3.1) trans-

lates into

f (z) =
1
z
(β + (α + β)z + αz2) f (z2) + g(z) + (1 − β) f1z

=
α + β

2
(1 + z)2

z
f (z2) +

β − α

2
1 − z2

z
f (z2)

+ g(z) + (1 − β) f1z.
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For k = 2,

µ2 =

√√
5

2

(
√

5 + 2
√

2 +
√

5 − 2
√

2
)

≈ 2.185 . . . .

And for k ≥ 3, this gives successively (up to 10−3),

{µk}k≥3 = {2.157, 2.140, 2.130, 2.123, 2.118, 2.114, 2.111, 2.109, . . .}.

Note that the value µ7 ≈ 2.118 < 3/
√

2 ≈ 2.121 is already sufficient for our uses (for

bounding the growth magnitude of A2(ρ − 1 ± i t) = O(|t |0.9997) to conclude absolute

convergence).
A better but not independent means of approximating the value of λ2 is to use the

property that (see [25])

lim
k→∞

Qk+1
2 [1](x)

Qk
2[1](x)

= λ2,

for all 0 ≤ x ≤ 1. This corresponds to inserting the function f (x) = Qk
2[1](x) into

(3.12). Numerical studies of the above functions for k = 1, . . . , 10 show that the max-

imum of Qk
2[1](x) is attained for x = 1

2 and the minimum is attained for x = 0. These

values yield effective upper and lower bounds for λ2 (truncated to the digits different

from the next approximation):

{

Qk+1
2 [1](1

2)

Qk
2[1](1

2)

∣

∣

∣

∣

k = 1, . . . , 10

}

={2.13, 2.101, 2.092, 2.089, 2.0888, 2.0886, 2.08855, 2.08853, 2.088528,

2.088527},
{

Qk+1
2 [1](0)

Qk
2[1](0)

∣

∣

∣

∣

k = 1, . . . , 10

}

= {2.05, 2.079, 2.086, 2.087, 2.0883, 2.0884, 2.08851, 2.088521,

2.088524, 2.088525}.

Thus λ2 ≈ 2.08852, as required. This completes the proof of (3.11) and that of (3.5).

3.2.2. Absolutely Convergent Fourier Series for M2(x): Bernstein’s Theorem. The

approach is modified from that used by Flajolet et al. [16]. Instead of considering #(n)

and then applying (1.7), we start from the representation (see also [26])

∑

1≤k<n

#(k) =
∑

0≤k<n

(n − 1 − k)2ν(k)

(3.13)

=
n2

2
−

#(n)

2
+

1
2π i

∫ 2+i∞

2−i∞

ns+2

s(s + 1)(s + 2)

∑

j≥1

∇&#( j) j−s ds.

By (3.3),

∑

j≥1

∇&#( j) j−s =
A2(s)

1 − 3 · 2−s−1
=

1 − 2−s−1 − B2(s)/2

1 − 3 · 2−s−1
.
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we have

π = 8
3 + 8

∑

m≥1

"(2m)

16m ,

γ = 1 +
∑

m≥1

2m"(2m + 1)

(2m + 1)4m − 2
∑

m≥1

"(2m)

4m .

4.2. Coefficients Appearing in Moments of ν(n)
Motivated by the 1

2 -balancing principle, we consider the series

ψk(s) =
∑

n≥1

ν(n)k

(n + 1
2 )s

,
(4.4)

instead of using directly Vk(s) or using the seemingly more natural series
∑

n≥1 νk(n)n−s .We then express Vk in terms of ψk .
First, by splitting the sum in (4.4) into odd and even summands and using (2.2), weobtain

ψk(s) =
∑

n≥1

ν(2n)k

(2n + 1
2 )s

+
∑

n≥0

ν(2n + 1)k

(2n + 3
2 )s

= 2−sζ(s, 3
4 ) + 21−sψk(s) + 21−s

∑

m≥1

(

s + 2m − 1
2m

)

ψk(s + 2m)

16m

+ 2−s
∑

1≤ j<k

(

k j
∑

m≥0

)(

s + m − 1
m

)

(−1)m

4m ψj (s + m).

Solving for ψk(s), we then obtain

ψk(s) = 1
2s − 2

ζ(s, 3
4 ) + 2

2s − 2

∑

m≥1

(

s + 2m − 1
m

)

ψk(s + 2m)

16m

(4.5)

+ 1
2s − 2

∑

1≤ j<k

(

k j
∑

m≥0

)(

s + m − 1
m

)

(−1)m

4m ψj (s + m).

To compute ψk(s) to within a given error ε, we choose m0 ∈ N so large that |ψk(s +m) − ( 2
3 )s+m| < ε for all m ≥ m0. Since ψk(s) ∼ ( 2

3 )s for large s with &(s) > 0,we can evaluate the values ψk(s + m) (m = 0, . . . , m0) by using (4.5), approximatingψk(s + m) for m > m0 by ( 2
3 )s+m , and then truncating the infinite sum to obtain anumerical estimate to within an error.

Note that the Hurwitz zeta function ζ(s, 3
4 ) can either be computed by using existingbuilt-in functions in computer algebra softwares or be computed directly by the formula

ζ(s, 3
4 ) = ( 4

3 )s +
∑

m≥0

(

s + m − 1
m

)

(−1)m

4m "(s + m).
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It turns out that especially for the derivatives, this equation is much faster than the
algorithm implemented in Mathematica when computing the values to within the
same error.

For V ′
k (0), we have the expression in terms of ψk(2 j)’s,

V ′
k (0) = − 1

2

∑

n≥1

ν(n)k (log(2n) − 2 log(2n + 1) + log(2n + 2))

=
∑

m≥1

ψk(2m)

m4m ,

which gives the numerical approximation
V ′

1(0) = 0.16891 60545 92381 08766 41250 86505 72086 21392 02956 25995 . . . .This in turn provides a good approximation to the mean value of F2,
p2,0 = −0.16743 75414 08216 30925 51550 10992 47202 32933 06264 89369 . . . .For the second and third derivatives of Vk , we have

V ′′
k (0) =

∑

m≥1

1
m4m {(H2m−1 − log 2)ψk(2m) + ψ ′

k(2m)},

V ′′′
k (0) = 3

2

∑

m≥1

1
m4m {((H2m−1 − log 2)2 − H (2)

2m−1)ψk(2m)

+ 2(H2m−1 − log 2)ψ ′
k(2m) + ψ ′′

k (2m)},
where Hk = ∑

1≤m≤k 1/m and H (2)
k = ∑

1≤m≤k 1/m2. From these, we obtain the fol-
lowing numerical approximations to the values appearing in (2.9) and (2.10):V ′′

1 (0) = −0.40632 91671 14929 22563 37014 58481 78635 30386 92416 64842 . . . ,V ′′′
1 (0) = 1.12746 03441 76855 00723 94784 63671 80426 48344 45077 21808 . . . ,V ′
2(0) = 0.31047 16129 81928 91222 32068 52261 52855 96918 44215 57523 . . . ,V ′′

2 (0) = −1.20785 26305 05474 15248 60897 62038 67711 07449 26970 51090 . . . ,V ′
3(0) = 0.79612 43185 47763 30582 71007 27435 50514 41134 19022 61579 . . . .From these we obtain

p3,0 = 0.03510 79771 90647 59775 76100 01574 86700 21149 58450 45765 . . . ,p4,0 = 0.31334 81715 66982 67450 76841 74593 65540 16102 28008 82561 . . . .
Our approach is also suitable for computing other Fourier coefficients. For example,p2,1 = 0.03625 04797 06516 31341 36434 95281 70383 70571 75744 31121 . . .− 0.03167 02979 13892 95813 50796 92403 02205 98609 42456 99190 . . . i,p2,2 = 0.01245 82164 62996 68591 21201 10896 53268 30883 63731 56116 . . .− 0.02586 93530 81429 91501 58145 81406 92252 24536 92736 31896 . . . i.
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Digital Sums and Divide-and-Conquer Recurrences:
Fourier Expansions and Absolute Convergence

Peter J. Grabner and Hsien-Kuei Hwang

Abstract. We propose means for computing the Fourier expansions of periodic func-
tions appearing in higher moments of the sum-of-digits function and in the solutions of
some divide-and-conquer recurrences. The expansions are shown to be absolutely con-
vergent. We also give a new approach to efficiently compute numerically the coefficients
involved to high precision.

1. Introduction

Let ν(n) denote the number of 1’s in the binary representation of n. Properties of this
function have been extensively studied in the literature due partly to its natural and
frequent appearance in many concrete problems in diverse fields; see [16] and [42] and
the references therein. For more examples, see [1], [2], [5], [7], [8], [12], [20], [34].

The well-known Trollope–Delange formula (see [13], [46]) for the sum function of
ν(n) has attracted much attention in the literature since it represents one of the most con-
crete examples of producing continuous but nowhere differentiable functions in analysis:
for n ≥ 1,

n−1S(n) := n−1
∑

0≤k<n

ν(k)

= 1
2 log2 n + F1(log2 n),

where F1(x) is a continuous, nowhere differentiable periodic function with period 1
whose Fourier expansion can be written as

F1(x) = ω log π

2
− ω

2
− 1

4
− ω

∑

k $=0

ζ(χk)

χk(χk + 1)
e2kπ i x (x ∈ R),

where, here and throughout this paper, ω := 1/log 2, ζ(s) denotes Riemann’s zeta
function, and χk := 2kπ iω.

If we assume that the first n nonnegative integers are equally likely, then n−1S(n)

represents the mean value of the random variable Xn , counting the number of 1’s in
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Abstract

This paper deals with pairs of integers, written in base two expansions using digits 0, ±1.
Representations with minimal Hamming weight (number of non-zero pairs of digits) are of
special importance because of applications in Cryptography. The interest here is to count
the number of such optimal representations.

1. Introduction

In many public key cryptosystems, raising elements of a given group to large powers is an
important issue. Let P be an element of a given group, whose operation will be written

additively. We need to form nP for large integers n in a short amount of time. A classi-
cal way to do this is the binary method, which uses the operations “doubling” and “adding

P .” If n is written in its binary representation, the number of doublings is !log2 n" and

an addition corresponds to an occurrence of the digit 1, so the cost of the multiplication
depends on the length and number of ones in the binary representation. If addition and sub-

traction are equally costly in the underlying group, it makes sense to consider signed binary
representations, which additionally use the digit −1. Clearly, such a digit −1 corresponds

to a subtraction. In general, there are many representations of n with digits {0, ±1}, and

1This author is supported by the START-project Y96-MAT of the Austrian Science Fund.
2This author is supported by the grant S8307-MAT of the Austrian Science Fund.
3This author is supported by the grant NRF 2053748 of the South African National Research Foundation

A Master Theorem for Discrete Divide and Conquer Recurrences∗

Michael Drmota† Wojciech Szpankowski‡

Dedicated to Philippe Flajolet 1948-2011

Abstract

Divide-and-conquer recurrences are one of the most studied equations in computer science.
Yet, discrete versions of these recurrences, namely

T (n) = an +
m∑

j=1
bjT ("pjn+ δj#) +

m∑

j=1
b′jT

(⌈
pjn+ δ′j

⌉)

for some known sequence an and given bj , b′j, pj and δj , δ′j, present some challenges. The dis-
crete nature of this recurrence (represented by the floor function) introduces certain oscillations
not captured by the traditional Master Theorem, for example due to Akra and Bazzi who pri-
mary studied the continuous version of the recurrence. We apply powerful techniques such as
Dirichlet series, Mellin-Perron formula, and (extended) Tauberian theorems of Wiener-Ikehara
to provide a complete and precise solution to this basic computer science recurrence. We illus-
trate applicability of our results on several examples including a popular and fast arithmetic
coding algorithm due to Boncelet for which we estimate its average redundancy and prove the
Central Limit Theorem for the phrase length. To the best of our knowledge, discrete divide and
conquer recurrences were not studied in this generality and such detail; in particular, this allows
us to compare the redundancy of Boncelet’s algorithm to the (asymptotically) optimal Tunstall
scheme.

Key Words: Divide-and-conquer recurrence, mergesort, Karatsuba algorithm, Strassen algorithm,
Boncelet’s data compression algorithm, Dirichlet series, Mellin-Perron formula, Tauberian theorem.
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analytic approach
positive coefficients

Grabner, Heuberger, Prodinger, 2005 Drmota, Szpankowski, 2011

A huge amount of publications



Lazy process:

1. evaluate the joint spectral radius
2. take into account only the dominant eigenvalue
3. solve only the first dilation equation
4. find an equivalent for SK(x)

5. translate it for sN

max
|w|=2
‖Aw‖1/2 ' 1.3 < 2

Q’s dominant eigenvalue λ = 2

F 0(x) = (0, 0, 0, 0, x, 0)

sK(x) ∼
K→+∞

2K−1Kx fN ∼
N→+∞

1

2
N log2N

45

La complexité en temps dépend du nombre d’appels à la fonction F et ce nombre
dépend de la différence entre la dernière valeur empilée (j) et celle qu’il faut calculer
(n − i). Pour calculer cette complexité, nous nous référons à un schéma récursif
décrivant les calculs effectués par l’algorithme selon deux fonctions, f et g, qui
s’appellent mutuellement. Le schéma de calcul est représenté à la figure 2.9.

0 n/2
3n
4

7n
8 n

f(n)

f(n/2 − 1) g(n/2)

f(n/4 − 1) g(n/4)

Figure 2.9 – Schéma récursif du nombre d’appels à la fonction F fait par l’algorithme 3.
Pour simplifier la figure, nous avons omis les parties entières

La fonction f désigne le nombre d’opérations nécessaires lorsque la pile est vide,
alors que la fonction g désigne le nombre d’opérations effectuées lorsque la pile
contient des valeurs intermédiaires. On voit que pour la fonction f(n), il faudra
d’abord appeler n fois F , puis refaire le même travail sur la première moitié alors que
pour la deuxième moitié, plusieurs valeurs intermédiaires sont déjà stockées, d’où
l’appel à g. g fait appel à f pour la première moitié car la première valeur empilée se
trouve à la moitié. Ainsi, le nombre d’appels à F pour tirer un chemin de longueur n
est égal à f(n) qui est définie ainsi :

f(n) = n + f(�n/2� − 1) + g(�n/2�)
g(n) = f(�n/2� − 1) + g(�n/2�)
f(1) = 1

g(1) = 0

Pour en déduire la complexité de cet algorithme, on va encadrer cette formule avec
les fonctions f−(n) et f+(n) définies telles que :

f−(n) ≤ f(n) ≤ f+(n)

Lazy approach



∑

n≤N
(−1)s2(3n) =

N→+∞
N log4 3Φ(log4N) +O(1) Φ(t) = 31−{t}F (4{t}−1)

Φ(t)

F (x)

Autosimilarity loss: Newman-Coquet



∑

n≤N
an =

N→+∞

√
NΦ(log4N) +O(1) Φ(t) = 21−{t}F (4{t}−1)
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Φ(t) F (x)

Symmetry loss: Rudin-Shapiro



∑

n≤N
an =

N→+∞

√
NΦ(log4N) +O(1) Φ(t) = 21−{t}F (4{t}−1)

0.75

2.0

1.0

1.5

0.25 0.5

1.0

2.5

0.0 0.25 0.5

0.0

1.0

1.5

0.5

0.75 1.00.0

2.0

Φ(t) F (x)

2sΦ(s) + 2tΦ(t) = 4 for s ∈ [0, 1/2] and t ∈ [log4 3, 1] with 4t − 4s = 2
log4 3 ' 0.79

Symmetry loss: Rudin-Shapiro



Result: an asymptotic expansion for sN

sN =
N→+∞

∑

ρ,ϑ,m

N log2 ρ

(
log2N

m

)
× eiϑ log2N × Φρ,ϑ,m(log2N)

+O(N log2 r)
λ = ρeiϑ eigenvalue of Q

t 7−→ eiϑt T -periodic with T ∈ N∗ iff ϑ ∈ πQ

t 7−→ Φ(t) 1-periodic

hence

t 7−→ eiϑtΦ(t) T -periodic with T ∈ N∗ iff ϑ ∈ πQ

Periodicity versus pseudo-periodicity



L =
[
∗ ∗

]
,

A0 =

[
cosϑ 0

0 cosϑ

]
, A1 =

[
0 − sinϑ

sinϑ 0

]
,

C =

[
1

0

]

ρ∗ = max(| cosϑ|, | sinϑ|) < 1 for ϑ 6∈ π
2
Z

Q =

[
cosϑ − sinϑ

sinϑ cosϑ

]
λ = e±iϑ |λ| = 1 > ρ∗

Periodicity versus pseudo-periodicity: rosette



ϑ = 1 6∈ πQ

Periodicity versus pseudo-periodicity: rosette



Rational sequences with respect to a numeration system
– are a direct generalization of classical rational sequences,
– provide the most basic case of linear divide-and-conquer

recurrences (constant coefficients),
– have an asymptotic behaviour that can be made known both by

algebra and analysis.

The linear approach provides us with a
– not too sophisticated,
– not too difficult method

to deal with the asymptotic behaviour of 2-rational sequence.

Conclusion



The end


