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Introduction

@ In his thesis, Stanley introduced a quasi-symmetric
function attached to any special poset, the generating
series of P-partitions.

@ These quasi-symmetric functions can be decomposed
according to linear extensions of the considered special
poset.

@ Hopf algebraic version of these results, and
generalizations?
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Special poset

A special poset (or (P, w)-poset) is a partial order <p defined
onaset[n] ={1,...,n}, forn>0.

We represent special posets by their Hasse graph.
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Number of special posets of degree n: A001035 in OEIS.
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P-partitions

Let P be a special poset of degree n. A P-partition of P is a
sequence of nonnegative integers f = (f(1),...,f(n)) such
that:

Q Ifi <p j, then f(i) < £(j).
Q Ifi<pjandi> j, then f(i) < f(j).
The set of P-partitions of P is denoted by Part(P).

3
o IfP= f%‘ , @ P-partition of P is an increasing sequence
(f(1),1(2), f(3)), that is to say a partition of length 3.

.
e lfP= 15 a P-partition of P is an strictly decreasing

sequence (f(1), f(2), f(3)), that is to say a strict partition of
length 3.
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Combinatorial results

Stanley’s P-partitions

Linear extension

.
oliP=13, a P-partition of P is a sequence (f(1), f(2), f(3))
such that f(2) < f(3) < f(1). fa< b < c:

(baa), (cab).

e If P="\4?, a P-partition of P is a sequence
(f(1),1(2),f(3)) such that f(3) < f(1),f(2). fa< b < c:

(bba), (bca), (cba).

e If P =2V, a P-partition of P is a sequence
(f(1), £(2), £(3)) such that f(1) < f(2), £(3). I a < b < ¢

(aaa), (aab), (aba), (abb), (abc), (acb).
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Quasi-symmetric functions

Let F € K[[X1, X2, ...]]. The series f is quasi-symmetric if for
any increasing map f : Nyg — Ny g, the coefficients in F of
X{ ... X5 and of Xfa(11) ... X{{, are the same.

The algebra of quasi-symmetric functions is denoted by QSym.
Basis of QSym: if a4, ..., a, are nonnegative integers,

M(a1,...,an) = Z Xi1a1 X’f”
ih<...<ip
Product: quasi-shuffle.
MayMip) = Mapy + Mib,a) + M(a+b);
MapyMe) = Mab.e) + Macb) + Meab) + Mabrc) + Marcp)-
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Stanley’s P-partitions

Linear extension

Generating series of P-partitions

Let P a special poset of degree n.

’Y(P) = Z Xf(1) Xf(n)
f P-partition of P

It is a quasi-symmetric function.

—"\)W

) Z X3+ Z XaX? + Z X2Xp + Z XaXpXe
a<b a<b a<b<c

= M(s) + M 2) + Mz, 1) + M1,1.1)

1
V(1) = 3 e
a<b<c

= Mi,1,1)
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Combinatorial results

Stanley’s P-partitions

Linear extension

1
7( g) bex2+ Z XoXaXp
a<b a<b<c

= M(2,1) + M(1,1,1)

V(W) =Kt P XeXeXat D XeXoXa

a<b a<b<c a<b<c

= M1,2) +2M4 1 1)

( ) Zx?’ +3 XX+ > XaXoXa+ Y XaXE

a<b a<b a<b

+ Z XaXpXe + Z XaXoXp

a<b<c a<b<c

= M) +2M2,1) + M1 2) +2M1,1.1)-
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Linear extension of a special poset

Let P be a special poset of degree n. A linear extension of P is
a total order <ot on [n] such that:

(1 <pJ) = (i <tot J)

The set of linear extensions of P is denoted by L(P).
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Stanley’s theorem
Let P be a special poset.
Q Part(P)= | | Part(Q).
QeL(P)

QP = > Q).

QeL(P)
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Hopf algebras Algebras

Coalgebras and bialgebras

Let A= (A, m,1,) be an algebra.

What is the structure on the dual of A?

@ We want to dualize the product. We linearize it and see it
as a linear map m from A® A to Ainstead of a bilinear
map from A x Ato A.

@ We want to dualize the unit. We linearize it and see it as
the linear map 7 from K to A sending 14 to 14.
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Hopf algebras Algebras
Coalgebras and bialgebras

Axioms of algebras: two commutative diagrams of linear maps
@ Associativity:

A A0 AT Ag A
ld®mJ/ \Lm
ARA A

@ Unit:
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Hopf algebras Algebras

Coalgebras and bialgebras

Axioms of coalgebras

C=

(C,Ae),withA:C— C® Cande: C® K, with:
@ Coassociativity:

CoCeoC®2 cocC

] 2

CeC——F—-C

@ Counit:

K® Cs®ld Id®sC ® K

Sl
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Hopf algebras Algebras

Coalgebras and bialgebras

Axioms of bialgebras

B=(B,m,1g,A,¢), such that:
@ (B,m,1p) is an algebra.
@ (B, A,¢) is a coalgebra.

@ Compatibilities:

A(ab) = A(a)A(b),
A(lg) = 1@ 1g;
e(ab) = e(a)e(b),
e(1g) = 1.
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Hopf algebras Algebras

Coalgebras and bialgebras

@ Let G be a group. The group algebra KG is a bialgebra,
with:
A(x) =x®x forany x € G.

@ Let g be a Lie algebra. The enveloping algebra U/(g) is a
bialgebra, with:

AX)=x®1+1®xforany x € g.

@ Let G be an algebraic group. Let K[G] be the algebra of
polynomial functions over G. It is a bialgebra, with:
Af)ixey) = f(xy),
e(f) = f(la)
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

Hopf algebra of special posets #H sp (Malvenuto-Reutenauer)
@ Basis: the set of special posets.

@ Product: shifted concatenation.

6 3 3
2\/13&? :2\/13£3, £$.2V13 :%5\&6.

@ Hgp is freely generated by the set of indecomposable
special posets:

.12 ¢1.93 1
<13 07,02 1902, 1302,

3 2
2 S 3 1 2 1 2 3
VAN VASRAVAIY R U SRR L I - I

nN—=w
oo
W =
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Stanley’s construction on Hopf algebras
Hopf algebraic results Noncommutative version

Hopf algebra of special posets # sp (Malvenuto-Reutenauer)

@ Let P be a special poset of degree n. Anideal / of P is a
part | C [n] such that:

(xelyeP,x<py)=(yel).
@ Coproduct:

A(P)= > Std(P\ )@ Std(]).
I'ideal of P

A<2\A3):2\A3®1+1®2\A3+1?®.2+I%®.3+.1®.2.3

=P 141 VP 412 @0 + 13 Q@ +e1 ®urez
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

Hopf algebra QSym

n
A(M(a17"'7an)) = Z M(a17---7a/) ® M(af+17"'7a”)'

i=0
The map v : Hsp — QSym is a surjective Hopf algebra
morphism.
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

Special poset associated to a permutation

Let o € &,,. We define a total order < on [n] by:
(1 <tot J) <= (o(i) < a(f)).

We obtain in this way all special posets such that <p is total.

(123) «— 12 (132) «— 13
(213) «— 13 (231) «— 1
(312) «— 1} (321) «— 13

Hence, linear extensions of any special posets can be seen as
permutations.
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

Hopf algebra of permutations FQSym (Malvenuto-Reutenauer)
@ Basis: the set of all permutations.
@ Product: if 0 € G and 7 € &,

o7 = Z ao(oc®T).

aeSh(k,/)

(132).(21) = (13254) + (14253) + (15243) + (14352)
+(15342) + (15432) + (24351) + (25341)
+ (25431) + (35421).
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

Hopf algebra of permutations FQSym (Malvenuto-Reutenauer)
@ Coproduct: if o € &,

n
Ao) = > ol © StA(o]r.0\1)
k=0

A((51423)) = 1 ® (51423) + (1) ® (5423) + (12) ® (543)
+ (123) ® (54) + (1423) ® (5) + (51423) ® 1

=1®(51428) + (1) ® (4312) + (12) ® (321)
+ (123) ® (21) + (1423) ® (1) + (561423) ® 1.
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

Theorem
@ The following map is a surjective Hopf algebra morphism:

Hsp —> FQSym
L: P — o
cel(P)

@ There exists a commutative diagram of Hopf algebra
morphisms:

Hsp —5= FQSYym

N

QSym
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

Let P a special poset of degree n. We put:

r(P) = Z Xic1y - Xiny) € K{((Xq, Xa,..))-
f P-partition of P

Hopf algebra of packed words WQSym (Thibon-Novelli)

@ A packed word is a word f(1)...f(n) such that f([n]) = [K]
for a certain k.

1=0;(1);(12),(21),(11);

(123),(132),(213),(231),(312), (321),
(122),(212),(221),(112),(121),(211),(111) ...
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Stanley’s construction on Hopf algebras
Hopf algebraic results Noncommutative version

Hopf algebra of packed words WQSym (Thibon-Novelli)

@ For any packed word (1) ... f(n), we put:

Miy...1(n) = Z Xg(1) - - - Xg(n)-
Pack(g(1)...g(n))=£(1)...f(n)

These elements are a basis of a subalgebra WQSym of
K{(X1, X2, ...)).
@ The canonical projection

K{(X1,Xz,...)) — K][[X1, Xz, ...,]] induces a surjective
algebra = morphism WQSym — QSym.

T(Mr1)...60) = Mgr-1(1),.. 461 (max(1)))-
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Stanley’s construction on Hopf algebras
Hopf algebraic results Noncommutative version

Hopf algebra of packed words WQSym (Thibon-Novelli)
@ Product: If max(f) = k and max(g) =/,

f.g= Z ao(f®g).

a€QSh(k,I)

(132).(21) = (13254) + (14253) + (15243) + (14352)
+(15342) + (15432) + (24351) + (25341)

+ (25431) + (35421) + (13221) + (13231)
+(13241) + (13232) + (13242) + (14231)

+(14232) + (14243) + (14321) + (14332)

+ (14342) + (24321) + (24331) + (24341)
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

Hopf algebra of packed words WQSym

@ Coproduct: if max(f) = n,

n
A(f) = fiwg @ Std(fino\)-
k=0

A((511423)) = 1 ® (511423) + (511423) ® 1 + (11) ® (5423)
+(112) ® (543) + (1123) @ (54) + (11423) ® (5)

=1®(511423) + (511423) ® 1 + (11) ® (4312)
+(112) ® (321) + (1123) ® (21) + (11423) ® (1).
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

Theorem
@ The following map is a surjective Hopf algebra morphism:

Hsp — WQSym

[ P — Z Xf(1)...Xf(n).
f P-partition of P

@ There exists a commutative diagram of Hopf algebra
morphisms:

Hsp 5 FQSym

TR I

WQSym —— QSym
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

r(%) DX X5+ ) XeXaXp

a<b a<b<c
= (211) + (312)
r(‘vf) S X Xat S XeXoXat Y XoXpXa
a<b a<b<c a<b<c

= (221) + (231) + (321)

( ) Zx3 5 XX+ > XaXoXa + > XaX?

a<b a<b a<b

+ Z XaXpXc+ D XaXcXo

a<b<c a<b<c

=(111)+(112) + (121) + (122) + (123) + (132)
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Stanley’s construction on Hopf algebras

Hopf algebraic results Noncommutative version

©((123)) = (123) + (122) + (112) + (111),
©((132)) = (132) + (121),

©((213)) = (213) + (212),

©((231)) = (231) + (221),

©((312)) = (312) + (211),

©((321)) = (321).

Corollary

@ is injective.
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies
Linear extensions and T-partitions
Finite topologies Order on packed words

Quasi-orders

@ A quasi-order on a set X is a transitive and reflexive
relation <r7.

@ If <t is a quasi-order on X, then:
@ The relation ~7 defined by:

(x~ry)—= (x<rtyandy <t X)

is an equivalence on X.
@ X/ ~7is partially ordered by:

(X<ry)=(x<ry).
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

We represent quasi-orders on [n] by the Hasse diagram of
X/ ~.

.o 2 91 .
1=0;.1;0102,15, 15,0125
2 3 1 3 1
.1.2.3,11.3711.2,12.3712.1,13.27
3 92 93 41 42 1
> 2493 1893 1¢p2 gl 2 3}2}3%%3%1%2
13.1,\/;,\/2,\/3,2/\3,1/\3,1/\271717 7 %2 543 543

3 2 1 1,2 1,3 2,3
e1,2 ¢3,01,3 02,02,3 01, 87,2 ,373,123,13°,12° ,17° [ .123.

ni1/2| 3| 4 5 6 7 8
114129 |355|6942 | 209527 | 9535241 | 642779 354

Sequence A000798 in the OEIS.
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

@ If <is a quasi-order on X, the set of ideals of < defines a
topology on X.

@ If T is a topology on X, the following relation is a
quasi-order on X:

(x < y) < (any open set of T containing x contains y).

If X is finite, these two correspondences are bijective.

Alexandrov’s theorem
For all n > 0, there exists a bijection between the set of
quasi-orders on [n] and the set of topologies on [n].
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions

Finite topologies Order on packed words

Hopf algebra of topologies # 1

@ Basis: the set of all finite topologies on sets [n].
@ Product: shifted concatenation.

3 6 3 3
2\/13'}% :2.\/13%, £$.2V13 E? 5\&6.
@ Hr is freely generated by the set of indecomposable
topologies:

.92 91 .13 1
1319, 02,012, 1502, 1342,
3 42 43 o1 42 1
2993 1873 1892 1 2 3 }2 }3 11 13 11 12
V1,\/2,\/:;,2/\3,1/\3,1/\2,1,1,27273737

IZ I1,3
©1,3 ¢2, ¢1,3 45 ¢2 y1,2,3 -
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies
Linear extensions and T-partitions

Finite topologies Order on packed words

Number of topologies and indecomposable topologies of
degree n:

ni112| 3| 4 5 6 7 8
114129 |355|6942 | 209527 | 9535241 | 642 779 354
113222926120 | 193594 | 9070536 | 622 336 756
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Quasi-orders and associated topologies

Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

Hopf algebra of topologies H 1
Coproduct:

AP)= ) Std(P\ /) Std(l).

| open set of P

A(sz'):sz®1+1®2V13+.2®I?+.3®I%+.2.3®.1

=P RTH1 NV 4+ 012+ Q13 .12 @ oy
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Quasi-orders and associated topologies

Hopf algebra of finite-topologies
Linear extensions and T-partitions
Finite topologies Order on packed words

T-partitions
Let T be a topology on [n]. The associated quasi-order is

denoted by <7. A T-partition of T is a sequence
(f(1),...,f(n)) such that:

o (i<rj)=(f(i) < f(j)).
@ (i<rj,noti>rjandi> j) = (f(i) < f())).
o (i<j<k,in~tkandf(i)=f(j) = (i ~7J).
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

T-partitions of '\b% . are sequences (f(1),. .., f(5)) such that:

o 1(2) = f(4) < f(1).1(5)
o 1(2) = £(4) < f(1)
o 1(3) # f(2), f(4)

fa<b<c<d:

(babaa), (babab), (babac), (bacaa), (bacab), (bacac),

(bacad), (badac), (cabaa), (cabab), (cabac), (cabad),

(cacab), (cadab), (cbabb), (cbabc), (cbabd), (dabac),
(dacab), (dbabc).
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Finite topologies

Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions
Order on packed words

The following map is a surjective Hopf algebra morphism:

T —

|

Hr — WQSym

D

f T-partition of T

r(‘vgi .3) = (21211) + (21212) + (21213) + (21311)
+(21312) + (21313) + (21314) + (21413)
+(31211) + (31212) + (31213) + (31214)
+(31312) + (31412) + (32122) + (32123)
+(32124) + (41213) + (41312) + (42123)
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

The following map is a surjective Hopf algebra morphism:

T — Z Xf(1)...Xf(n).

Hr — WQSym
r
f T-partition of T

M ("5 o) = (21211) + (21212) + (21213) + (21311)
+(21312) + (21313) + (21314) + (21413)
+(31211) + (31212) + (31213) + (31214)
+(31312) + (31412) + (32122) + (32123)
+(32124) + (41213) + (41312) + (42123)
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

Linear extensions

Let T be a topology on n. A linear extension of T is an ordered
partition A = (Ay, ..., Ax) of [n] such that:

@ the equivalence classes of ~7 are Ay, ..., Ax;
@ if, in the poset [n]/ ~7, Ai <1 Aj, then | <.

Linear extensions are represented by packed words

(F(1), ..., f(n)):
(H() =)) = (i€ A)
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

Linear extensions of '\3% .s: packed words (f(1),. .., f(5))
such that:

e f(2) = f(4), and (1), £(2), /(3), f(5) are all distinct.
e 1(2) < f(1), f(5).

(21314), (21413), (31214), (31412),
(32124), (41213), (41312), (42123).
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

Another product on WQSym

@ Product: If max(f) = k and max(g) =/,

f.g= Z ao(f®g).

a€QSh(k,I)
(132).(21) = (13254) + (14253) + (15243)
+(14352) + (15342) + (15432) + (24351)
+(25341) + (25431) + (35421)
+(13221) + (13231) + (13241) + (13232)
+(13242) + (14231) + (14232) + (14243)
+(14321) + (14332) + (14342)
+(24321) + (24231) + (24341)
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Quasi-orders and associated topologies

Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

Another product on WQSym
@ Second product: If max(f) = k and max(g) =/,

fug= > ao(feg).
aeSh(k,/)

(132)(21) = (13254) + (14253) + (15243)
+(14352) + (15342) + (15432) + (24351)
+(25341) + (25431) + (35421)
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Quasi-orders and associated topologies

Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

Theorem
@ The following map is a surjective Hopf algebra morphism:

Hr — (WQSym, )
L: T — ) f
fel(T)
@ There exists a commutative diagram of Hopf algebra
morphisms:
Hr —-(WQSym, )

e )

WQSym
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Finite topologies
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies

Linear extensions and T-partitions
Order on packed words

©((213)) = (213) + (212),
#((312) = (312) + (211),
P((112)) = (112) + (1),
P((211) = (211),
#((212) = (212),
e((111)) = (111).
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Quasi-orders and associated topologies

Hopf algebra of finite-topologies

Linear extensions and T-partitions
Finite topologies Order on packed words

Partial order on packed words

There exists a partial order on the set of packed words such
that for any packed word f:

p()=>"g

g<f

Corollary

¢ is an isomorphism.
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Quasi-orders and associated topologies
Hopf algebra of finite-topologies
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(123) (132)  (213)
PN
(122) (112)  (121)  (212)
\(1 11)/

(231)  (312) (321)

(221) (211)
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Property of the partial order

Let f be a packed word of length n. If 1 < i < n, i € M(f) if:
@ f(i) < max(f)
@ Forall j, (f(i) = f(j)) = (j < i).
@ Forallj, (f(j)=f(i)+1) =j > I

If f, g are two packed words:

(f < g) < (Std(f) = Std(g) and M(f) C M(g)).

If o € Gy, i € M(0) if, and only if, o(i) is an ascent of o~
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Corollary
Foralln> 1, forall o € Gp:

#{w packed word of length n | Std(w) = ¢} = 2#M(?),

For all n > 1:

#{packed words of length n} = Z 2iM()

oeBGp
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