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Dyck paths
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Dyck paths
(in a rectangle m x n)

(m,n) = (ad,bd), anb=1
Dm,n set of (rectangular) Dyck paths m x n.
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Rectangular parking functions

3
1
T
3
5
Rectangular parking functions |2
(m x n)
Pm.n set of (rectangular) parking functions m x n
L, set of parking functions with (Dyck) path «
|Papl =aP"1 (anb=1)
|Poi1.n = (n+ 1)1 [Konheim-Weiss 1966]
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Symmetric functions

Symmetric functions

X = X1,X2,...

pr(x) =Y xf

i>1

A= (A1, A2, A)
Px = Px; PXy - PN,

pr(x +y) = pr(x) + pk(y)
P[2x] = pr(x +x) = 2 pi(x)
pk[mx] = m pi(x)
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Complete symmetric functions

h, complete symmetric function of degree k

1
d et =117

k>0 i>1

hy = hy, hy, -+ hy,
ha(x) = X2 + x5 + -+ + x1x0 + x1X3 + X2X3 + + - -
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Symmetric functions

Complete symmetric functions

h, complete symmetric function of degree k

1
d et =117

k>0 i>1

hy = hy, hy, -+ hy,
ha(x) = X2 + x5 + -+ + x1x0 + x1X3 + X2X3 + + - -
ha(x +y) = ha(x) + hao(y) + h1(x) h1(y)

h2[2 X] = h2(x + X) =2 hg(x) + h11(x)
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Symmetric functions

Complete symmetric functions

h, complete symmetric function of degree k

1
d et =117

k>0 i>1
hy = hy, hy, --- hy,
ha(x) = X2 + x5 + -+ + x1x0 + x1X3 + X2X3 + + - -
ha(x +y) = ha(x) + h2(y) + h1(x) h1(y)
h2[2x] = ha(x + x) = 2 ha(x) + h11(x)

halmx] = m hy(x) + () h11(x)
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Symmetric functions

Complete symmetric functions

hp[mx] = Yo () huy(x) - (x)

uitu2+-+um=n

= D hy(x) (ho = 1)

YEBm,n

(0,0,0,2,3,0,1,0,0)

v E Bm,n p(f}/) = (37 2, 1)
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S, symmetric group |Sh| = n!
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Symmetric group action

S, symmetric group |Sh| = n!
group of permutations over n letters
0O =010 Op
2
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L., increasing labellings of
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Frobenius characteristic

Symmetric group action

S, symmetric group |Sh| = n!
group of permutations over n letters
0O =010 Op
2
5
1
T
v E Bm,n

L., increasing labellings of

4] = (p(nv))
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Frobenius characteristic

Symmetric group action

S, symmetric group |Sh| = n!
group of permutations over n letters
0O =010 Op
2
5
1
T
v E Bm,n

L., increasing labellings of

|£’Y’ = (p(,:ly)) ZWIUI for p(’Y) = (r17r27 ceey r/)
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Frobenius characteristic

Symmetric group action

S, symmetric group |Sh| = n!
group of permutations over n letters
0O =010 Op
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L., increasing labellings of
1Ly = (,;(’77)) =#I,,| for p(v) = (. r2,-.., 1)
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Frobenius characteristic

Symmetric group action

S, symmetric group |Sh| = n!
group of permutations over n letters
0O =010 Op
2
5
1
T
3
Y € Bm," (678a47 67674)

L., increasing labellings of
1Ly = (,;(’77)) =#I,,| for p(v) = (.2, 1)

Z Ly =m"

'YEBm,n
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0c=425631

Transitive action on orbit = L,

Stabilizer of m € L,
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Sy acts on L., by permuting the labels
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0c=425631

Transitive action on orbit = L,

Stabilizer of m € £, = S> x S3 x &1
=8, XS, x - xSy, for p(v) =(r,r2,..., 1)
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Symmetric group action

Sy acts on L., by permuting the labels

2

0c=425631

Transitive action on orbit = L,

Stabilizer of m € £, = S> x S3 x &1
=8, XS, x - xSy, for p(v) =(r,r2,..., 1)

— Trivial action of Sp; X Sy, x -+ x §,, induced on S,
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Frobenius characteristic

Frobenius characteristic

Action of S, with character x

Cyclic type 0 =425631 =(1,4,6)(2)(3,5) o) =(3,2,1)

Frob(x) = — Z (0P (X)

’ oeSn
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Frobenius characteristic
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’ oeS,

e Frob is an isomorphism
e Frob(x") = s (Schur)
e Frob(n,) = h,
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Frobenius characteristic

Frobenius characteristic

Frob(x) = % Z X(U)PA(U)(X)

" 0ES,

e Frob is an isomorphism
e Frob(x*) = sy (Schur)

° Frob(n,,) = h, n = |nd§’)’\lxmxs)\e Mg X - XMy,
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Frobenius characteristic

Frobenius characteristic

Frob(x) = % Z X(U)PA(U)(X)

" 0ES,

e Frob is an isomorphism
e Frob(x*) = sy (Schur)

e Frob(n,) = h, n\ = Indg;1X~'-XSAe M X -+ X1y, Frob(ny) = hy

Thus for v € B p
Frob([q) = hp(fy)

> Frob(Ly) = Y hypyy = ha[mx]

YEBm,n YEBm,n
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Proof of the main result

v € Bm,n 2 low points (1<t <d)
9
718
6
45
203
Rotation !
7 8
6
4 |5
213
911

Jean-Christophe Aval Rectangular Parking Functions IHP - 01/06/2017 19 / 29



Proof of the main result

v € Bm,n 2 low points (1 <t <d)
9
718
6
45
213
Rotation 1
7 8 7
6 6
415 415
213 2|3
911 911
8
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Proof of the main result

Y € Bmn 2 low points (1 <t <d)
9
718
6
4|5
213
Rotation !
7 8 7 6
6 6 415
415 415 213
213 213 911
911 911
718
8
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Properties of the rotation
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Proof of the main result

Z Frob(Ly) x m = Z Frob(Ly) x t

a€DE, , ’yEB,t,,’,,
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Proof of the main result

Z Frob(Ly) x m = Z Frob(Ly) x t

a€DL, , YEB
dL(x) := Zaepﬁd,bd Frob(L,) a and b fixed

Jean-Christophe Aval Rectangular Parking Functions



Proof of the main result

Z Frob(Ly) x m = Z Frob(Ly) x t

€D, , YEBL, A
dL(x) := Zaeptd y Frob(L,) a and b fixed
q)}l(x) = Zaepad,bd FrOb(ﬁa)
primitive
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Proof of the main result

Z Frob(L,) Z Frob(L

a€DE, , veBE, ,

dL(x) := Zaeptd y Frob(L,) a and b fixed
(D}!(X) = Zaepad,bd FrOb(‘Ca)

primitive

3 Tk

t>0
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Proof of the main result

Z Frob(L,) Z Frob(L

OCE’D,th,, ’YEBm,n
dL(x) := Zaeptd y Frob(L,) a and b fixed
(D}!(X) = Zaepad,bd FrOb(‘Ca)
primitive
S04 = o> Z ot
t>0 t>0 YEBE,
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Proof of the main result

Z Frob(L,) Z Frob(L

a€DE, , YEB
dL(x) := Zaeptd y Frob(L,) a and b fixed
(D}!(X) = ZaeDad,bd FrOb(‘Ca) (m = ad)
primitive
Yok =3 S b
>0 t>0 YEBE, ,
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Proof of the main result

Z Frob(L,) Z Frob(L

a€DE, , YEB
dL(x) := Zaeptd y Frob(L,) a and b fixed
(D}!(X) = ZaeDad,bd FrOb(‘Ca) (m = ad)
primitive
Z Cbt Z Z hp(’y) -d hbd[ad X]
>0 t>0 YEBE, ,
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Proof of the main result

Z Frob(L,) Z Frob(L

a€DE, , YEBL
dL(x) := Zaeptd y Frob(L,) a and b fixed
(DL(X) = Zaepad,bd FrOb(‘Ca) (m = ad)
primitive
Z q)t Z Z hp(’y) dhbd[ad X]
>0 t>0 YEBE, ,
hx)= Y L (x)0g,(x) - P (x)

€1,C2,...,ct >0
cit+coteter=d
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Proof of the main result

I 1
> ®4(x) = —hpaladx]
t>0

yx) = Y LX) P (x) - DL(x)
C1,C2,...,ct>0
a+tcatte=d
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Proof of the main result

I 1
> ®4(x) = —hpaladx]
t>0

yx) = Y LX) P (x) - DL(x)
C1,C2,...,ct>0
a+tcatte=d

P(x;2) i= Y0 ®j(x) 2
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Proof of the main result

I 1
> ®4(x) = —hpaladx]
t>0

bg(x) = > g, (%) &g, (x) - P, (x)
C1,C2,...,ct>0
a+tcatte=d

P(x;2) i= Y0 ®j(x) 2

o4(x) = (P(x; 2))"

2d
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Proof of the main result

I 1
> ®4(x) = —hpaladx]
t>0

bg(x) = > g, (%) &g, (x) - P, (x)
C1,C2,...,ct>0
citcototcr=d

P(x;2) i= Y0 ®j(x) 2

o4(x) = (P(x; 2))"

2d

%hbd[adx] = (_ IOg(l - P(X; Z)))

2d
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Proof of the main result

1
P(x;z)=1—exp( — > — hp[akx] z¥
< ; ak ok )
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Proof of the main result

1
P(x;z)=1—exp( — > — hp[akx] z¥
< ; ak k )

o4(x) = (P(x;2))"

z
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Proof of the main result

1
P(x;z)=1—exp( — > — hp[akx] z¥
( ; ak k )

— 0y(x) =] 04(x) = (%(x))

t>0

2d
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P(x;z) =1—exp ( — Z ihbk[akx] zk>
ak

k>0

— Gy(x) = 3 Oh(x) = (%(x))

t>0

2d

Z dy(x)z9 = #(xz) = exp (Z ihbk[akx] zk>

d>0 k>0
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P(x;z) =1—exp ( — Z ihbk[akx] zk>
ak

k>0

— 0y(x) =] 04(x) = (%(x))

t>0

2d

Z dy(x)z9 = #(xz) = exp (Z ihbk[akx] zk>

d>0 k>0

1
Z Frob (Pad,bd) z9 = exp (Z e hpk[ak x] zk>

d>0 k>1
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Outline

@ Consequences
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Consequences

1
Z Frob (Pad,bd) z9 = exp Z P hpk[ak x] zk

d>0 k>1
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Consequences

1
Z Frob (Pad,bd) z9 = exp Z P hpk[ak x] zk

d>0 k>1
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Consequences

1
Z Frob (Pad,bd) z9 = exp Z P hpk[ak x] zk

d>0 k>1

1
> | Pad.bd| 27 = exp Z;( k)P 2"

d>0 k>1
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Consequences

1
E Frob (Pad,bd) z9 = exp E = hoi[ak x] 2
d>0 k>1

1
Z ‘Pad,bd| z9 = exp Z P (ak)bk zk

d>0 k>1

= exp Z (ak)bk=1 Zk

k>1
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Consequences

1
Z Frob (Pad,bd) z9 = exp (Z = hpk[ak x] zk>

d>0 k>1

1
Z Pad,ba| 27 = exp (Z = (ak)P zk)

d>0 k>1
= exp (Z (ak)bk—1 zk>
k>1
1 (ak + bk —1
d_ k
S [Pl o (X4 (F ) )
d>0 k>1
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Consequences

1
Z Frob (Pad,bd) z9 = exp (Z = hpk[ak x] zk>

d>0 k>1

1
Z Pad,ba| 27 = exp (Z = (ak)P zk)

d>0 k>1
= exp <zj(ak)bk_1 zk>
k>1
1 [ak+bk—1\ ,
Z’Dad,bdlzdzexp<z—< >z >
=0 =1 ak bk
B 1 [ak+bk\ ,
_eXp<kz>:lak+bk ( bk )Z )
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Consequences

1
Z Frob (Pad,bd) z9 = exp Z P hpk[ak x] zk

d>0 k>1
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Consequences

1
Z Frob (Pad,bd) z9 = exp Z P hpk[ak x] zk

d>0 k>1
1
Frob (Pag.ba) = D — H/P(x)
pkd we
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Consequences

1
Z Frob (Pad,bd) z9 = exp (Z Py hpk[ak ] zk>

d>0 k>1
1
Frob (Pag.ba) = D — H/P(x)
ped P

n= (M17M27" 'auf) = (1m1’2m2"“)
m,! :Hjmj!

b l
Hi P (x) = Ty o5 ha[bmi x]
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Consequences

d>0 k>1

1
Frob (Pad,ba) = ) _ mH;'/ b(x)
ped H
n= (Mlv/*@)"'auf) = (1m1’2m2"“)
m,! = HJ- m;!
b
HiP(x) = TTi-y 3 hanlbi x]

1
Z Frob (Pad,bd) z9 = exp (Z Py hpk[ak ] zk>

1 1/1 2
Frob (P23’2b) = Zhgb[2ax] + 5 (;hb[a X])
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Consequences

1
Z Frob (Pad,bd) z9 = exp (Z 7 hpk[ak x] zk>

d>0 k>1
1
Frob (Pad,ba) = ) _ mH;/ b(x)
ped P

n= (,Lle/'L27" 'auf) = (1m1’2m2’_“)
my! = []; mj!

b
Hit/P(x) = TTizy 55 hap [bpi X]

i=1 2
1 1/1 2
Frob (7723’213) = thb[ZaX] + 5 <;hb[a x])

Frob (Passn) = sohal3ax+ (o) (tand) + 5 (Shoton)
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Consequences

1
Z Frob (Pad,bd) z9 = exp (Z 7 hpk[ak x] zk>

d>0 k>1

1
Frob (Pag,pd) = > —H3/*(x)
pd My

n= (,Lle/'L27" 'auf) = (1m1’2m2’_“)
m,! :HJ- m;!

b l
Hi P (x) = Ty o5 ha[bmi x]

Do s = ( 1 (2a+2b>> +1( 1 <a+b>)2
’ 2a+2b 2a 2\a+b a
Dsaap] = ( 1 <3a+3b>>+<i (a—i—b))( 1 <2a+2b>>
’ 3a+3b 3a at+b\ a 2a+2b 2a
1/ 1 [a+b)\’
+6 (a—i—b( a ))
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Consequences

1
Z Frob (Pad,bd) z9 = exp (Z 7 hpk[ak x] zk>

d>0 k>1

1
Frob (Pag,pd) = > —H3/*(x)
pd My

n= (,Lle/'L27" 'auf) = (1m1’2m2’_“)
m,! :HJ- m;!

b l
Hi P (x) = Ty o5 ha[bmi x]

= (") (1)

’ 2a+2b 2a a+b a

Dsa 3] = ( 1 <3a+3b>> +<L (a—i—b)) ( 1 <2a+2b>>
’ 3a+3b 3a a+b\ a 2a+2b 2a

1/ 1 [a+b\\°
telaral . [Bizley 1954]
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Generalization (Schréder)

Generalization - Schroder parking functions

Jean-Christophe Aval Rectangular Parking Functions



Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions
(m x n)
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Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions
(m x n)
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Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions

(m x n)

Smm(k) set of (rectangular) Schréder parking functions m x n
with k diagonal steps
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Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions

(m x n)

Smm(k) set of (rectangular) Schréder parking functions m x n
with k diagonal steps

Z Frob S,(,ﬂ,(x) yk
k>0
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Generalization (Schréder)

Generalization - Schroder parking functions

Rectangular Schréder parking functions

(m x n)

Smm(k) set of (rectangular) Schréder parking functions m x n
with k diagonal steps

Z Frob S,(,ﬂ,(x) ¥k = FrobPm n(x + y)
k>0
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