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Aztec diamond  [Elkies, Kuperberg, Larsen, Propp (1992)]

domino:

= [II

E — |:|:| Aztec diamond of size 4)

flip

e Thm[EKLP92]: The aztec

e(e+1)

diamond of size £ has 2 tilings

Example: ¢ =2
23 = 8 tilings

0 I o o
= 0B 51




Domino tilings< Piles of bricks

©Ben Young

Flips +» Remove/add a brick

Height functions [Thurston]
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Aztec diamond  [Eu et Fu 2005]
Big/Small Schroder numbers

Ay number of tilings of the diamond of size /¢ )
Sij = 2Gi,
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Aztec diamond

e Let P atiling and let h(P) be the minimal
number of flips to obtain P from the tiling with
horizontal tiles.

e Thm[EKLP92|: Tilings of the aztec diamond
on size ¢ ¢

th(P) _ H(l 4 q2i—1)€—z’+1
P
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Aztec diamond

e Let P atiling and let h(P) be the minimal
number of flips to obtain P from the tiling with
horizontal tiles.

e Thm[EKLP92|: Tilings of the aztec diamond
on size n

th(P) H (1 _l_q2i—1)£—7l—|—1

1=1

e Thm|Stanley|: If ¢; counts the flips on the
diagonal y = x — 1

Z Hq;cllps Sur y=x—1 _ H (1 oy ..
P 1

1<i<j<t

d14243

-CJ2j—1) N

q1 C]2Q32,

-

Example: ¢ =2
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1 q1
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q

’ | d143
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4% q2q3

=(14+q1)(1+ q192¢3)(1 + g3)




How can we generate randomly a tiling?

Shuffling algorithm [EKLP 92]
Get a tiling of size n from a tiling of size £ — 1 and ¢ bits

Cell : 2*2 square

Active cell: up left square is white (¢ even) grey (¢ odd)

A cell has 2 dominos: erase

A cell has one domino: move it to the ]

other side J, \l, /\

A cell has no domino: flip a coin




Example £ = 3

(©Elise Janvresse et
Thierry de la Rue

Movie!
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Aztec diamond: artic circle

e WWhen 7 is big how does a randomly chosen
tiling look like?

e Thm[Jockusch-Propp-Shor 95] The arctic circle
theorem: A random tiling of a large Aztec
diamond tends to be frozen outside a certain
circle.

e Fluctuations [Johansson 05] (Airy process).

e Inverse of the Kasteleyn matrix [Chhita and Young 13]



Pyramid partitions

[Szendrdi| [Kenyon], [Young, 2006]:

a, number of configurations after taking off n bricks

apo=1, a1 =1, ao =2, a3 =>5...



Pyramid partitions

e Partitions pyramides [Szendroi| [Kenyon], [Young, 2006]:
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Pyramid partitions

e Partitions pyramides [Szendroi| [Kenyon], [Young, 2006]:

N ..\
: | \
bricks % | T \% """ I\l |

minimal pyramid

e From the top: domino tilings of the whole plane!

minimal tiling

a,: number of tilings after n flips



Pyramid partitions

e Thm[Young 06]: Generating function




Pyramid partitions

e Thm[Young 06]: Generating function ------- m — |

[Kenyon-Okounkov-Sheffield 03]




2. Steep tilings



Steep tilings in an oblique strip

e Oblique strip of with 2/




Steep tilings in an oblique strip y=a

e Oblique strip of width 2/ y=mx— 2

e Four types of dominos

il:lalj _‘ﬂ

g = g = CHEF




Steep tilings in an oblique strip y =1

e Oblique strip of width 2/ % | |

/] | y:$—2€

e Four types of dominos

il:lalj L L

DEDE LT T

e y = x no dominos and then green dominos

e A tiling is steep if it has only green dominos at +oo
and orange dominos at —o0



Steep tilings in an oblique strip y =1

e Oblique strip of width 2/ % | |

7] | y::c—%

e Four types of dominos

i - E - ___ | | | periods:
g =g = CHET  m S
y T

—U
e y = x no dominos and then green dominos /

e A tiling is steep if it has only green dominos at +oo
and orange dominos at —o0

e Proposition: A steep tiling is " periodic”
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Steep tilings in an oblique strip
e A steep tiling is periodic in F00.
I s Bl
Jd = 0 ™

periods:

e [he periods are encoded by a binary

] |
word of length 2/. | L[] | | l I
[T |

e Unique minimal tiling

e All tilings with the same period can be
obtained from the minimal tiling using flips



Generating function = hook formula

e Theorem|Bouttier-Chapuy-C 13]:
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P
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Generating function = hook formula

e Theorem|Bouttier-Chapuy-C 13]:

T(q) = Z q#ﬂlps(P) _
P

w = (+-)°
aztec
diamond

¢ ¢
— — 4
v (Jr_ oo
/-pyramid I/| | I | L]
partitions | T
LT L ¢ 2
Hplin W Tw(@) =] ]I O +ed )
— | | | 1=1 j=4+1
AN L 1
L] V4
L | 4
L 1




Generating function = hook formula

e Theorem|Bouttier-Chapuy-C 13]:

T (o) — N\ A#lips(P) _ H

flips(p
> P =T (4 eqigiin - g oy
P 1< __l_ ] .
q;: follows the flips on diagonal y = x — ¢, e = (—1)7
w=()" = w=(+-")
aztec | | | (-pyramid I/| | | | L]
diamond | partitions | apEN
LT L ¢ 2 o
| Splplumiy w(@ =11 ] @+e? )
| | | [ L | l | |/I
L | | A
ﬁ 2i—1\£—i+1 - | l | l/l/|
Tw(q)=||A+qg" )"
1=1 \7A
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Integer partitions

From particles to integer partitions

— partition A = (6,3,3,1,1).

® — step —
O = step +1 Integer partition of n: non increasing sequence
()\1,)\2,. ) with Zz AN = 1N



Integer partitions
From particles to integer partitions
. ...... . ..... . ...... @ ..... ‘ ..... . ...... @ ..... @I. ..... . ...... @ ..... @ ..... @ ..... ‘ ..... @ ........

— partition A = (6,3,3,1,1).

® — step —
O = step +1 Integer partition of n: non increasing sequence
()\1,)\2,. ) with Zz AN = 1N

A= (Ala)‘27)‘37"°) and K= (ILL17ILL27ILL37"°)
Interlacing: <A HFE XA\ >3 > X > g > ...
Cointerlacing 1 <" XA iff p/ < X




Integer partitions

From particles to integer partitions
@ @ @ O @ @ O @...I... ..... ® O O -O-@ O )\’:(57373,1’171)

/ 4

— partition A = (6,3,3,1,1).

® — step —
O = step +1 Integer partition of n: non increasing sequence
()\1,)\2,. ) with Zz AN = 1N

Horizontal strip
A= ()\1,)\2,)\3,...) and = (,LLl,,LLQ,,LLg,...)

Interlacing: <A HFE XA\ >3 > X > g > ...
Cointerlacing 1 <" A iff g/ < N «—— Vertical strip




Sequences of partitions

e Thm:[B-C-C] Steep tilings with period w are in bijection with sequences of
partitions (A(©), XM AO) such that A9 = X\Z9 = () and:

i )\(Zk—l) >)\(2/{—2)
L )\(Zk—l) _<)\(2l<:—2)

ka _|_ )\(2]6)>_/>\(2]€—1) ka_l
Wop, = — )\(2k)_</)\(2k*—1) Wok_1

The number of flips corresponds to the sum of the sizes of all the partitions




Sequences of partitions

e Thm:[B-C-C] Steep tilings with period w are in bijection with sequences of
partitions (A(©), XM AO) such that A9 = X\Z9 = () and:

W

Wop —

_|_

)\(2k)}/)\(2k—1)
)\(2k)_</)\(2k:—1)

Wok—1
Wok—1

i )\(2k—1) >)\(2/{—2)
L )\(Zk—l) _<)\(2k—2)

The number of flips corresponds to the sum of the sizes of all the partitions

ldea: True for the minimal tiling and stays true
after any flip

O O
L

even diag.

.
. ‘
.
.

0

O
O

odd diag.




Interlacing= horizontal strip
Co-interlacing=vertical strip

Super-Schur functions/ Hook Schur functions

Vertex operators




Interlacing= horizontal strip
Co-interlacing=vertical strip Shake!

Super-Schur functions/ Hook Schur functions

Vertex operators




Bijective proofs and Random generation

(with Dan Betea (Paris 6) and Mirjana Vuleti¢ (UMass) )

aztec diamond pyramid partitions



Limit shapes

New phenomenon:
limit shapes of /-pyramid partitions

with Mirjana Vuletic (UMASS)

- £0-

Aztec diamond with 1/4 < ¢ §M1

Movie ((©Dan Betea 2013)



Generalizations

Steep tilings on a cylinder
e Thm:[B-C-C| Cylindric steep tilings with period w are in bijection with sequences
of partitions (A(Q A1) XZ9) such that A\(0) = \(20)

T (q) = T(9) X Tio 1o [y, o (1 + €970

Free steep tiIings . allow flips on the boundaries y = x and y = x — 2/

e Thm:[B-C-C] Free steep tilings with period w are in bijection with sequences of
partitions (A0 X \20)

Téjf) (u U C]) — Zq#ﬂips |>\(0)| |>\(2£)|

T?E)f)(Q7U7U) = Tw(q) X Hk>1 1— 2“”” T—(u)* Hwﬁ,éwj(l =+ €u2k+1v2kz—|—1qiqj)e
X sz =w; (1 _I_ €U2 Q’LQJ> H’L 1_u11vqu’
2041

with ©u — ¢ ¢ = q'/u if w; =+ and ¢~ /v if w; = —
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e Plane partitions
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Steep tilings

Plane partitions



Add/remove vertical strip going from even to odd diagonals

Add/remove horizontal strip going from odd to even diagonals

Add/remove horizontal strip



Steep tilings < Domino tilings

Plane partitions < Lozenge tilings

3 €




< Domino tilings
< Dimers on the square lattice

— L]

<> Lozenge tilings
< Dimers on the honeycomb lattice

3 €




< Domino tilings
< Dimers on the square lattice

L] =[]

<> Lozenge tilings
< Dimers on the honeycomb lattice

$-O B-O



Dimer model

A Graph




Dimer model

A Graph

A subset of edges such that each vertex belongs to one edge



Dimer model

A Graph

Weight= product of the weights of the chosen edges

Weight of the example = lov

A subset of edges such that each vertex belongs to one edge



Rail Yard Graphs

O odd vertex

[l cven vertex



Rail Yard Graphs

O odd vertex




Rail Yard Graphs
o oo
R+

Finite width
Infinite height

One pattern per column

= faces of degree 4,6,8

£
"1

—

AN IR ZaD N
OAC\//O§
NI N
NN N
AN I Za N
NI N
e ee



Dimer coverings on RYG




Dimer coverings on RYG

Qo=
® 0 O
@ () @
all
o ® O N none
covered q
, ~ ~ covere
@ 0O
O ®
O /:\—o
all
none q A 0
covered
coveredg,



Generating function

a; € {L,R}, b; € {+,—} a;b; pattern in column i
x; follows the number of diagonal edges in column ¢

Theorem [BBCCR 14]




Flip generating function

Z(l,a,b;x)

— H 1<i<j<r <ij

Setting Q?Z:qz, if b = + and l/qz, if by = —
DO W WA AN
Lowo Tl N TN
Z(q)

Flips

Z #1flips
cCoverings q
% 7é Aj. Zij = (1 =+ (]hOOk)
/

1

= — \ﬁ”:aj: Zijzl_qhook



Back to the aztec diamond

aztec diamond (L, R_)"

e -O ..... h ........ -O ..... h ........ -O ..... h ........ -O ..... h"
L, ¢ R. t+ L, * R. ' L. + R_ ¢ L, ' R_



Back to the aztec diamond

aztec diamond (L, R_)"

e -O ..... h ........ -O ..... h ........ -O ..... h ........ -O ..... h"
L, ¢ R. t+ L, * R. ' L. + R_ ¢ L, ' R_



Back to the aztec diamond

e -O ..... h ........ -O ..... h ........ -O ..... h ........ -O ..... h"
L, ¢ R. t+ L, * R. ' L. + R_ ¢ L, ' R_



Back to the aztec diamond

e -O ..... h ........ -O ..... h ........ -O ..... h ........ -O ..... h"
L, ¢ R. t+ L, * R. ' L. + R_ ¢ L, ' R_



Back to the aztec diamond

e -O ..... h ........ -O ..... h ........ -O ..... h ........ -O ..... h"
L, ¢ R. t+ L, * R. ' L. + R_ ¢ L, ' R_

Pyramid partitions (L_R_)* (L R.)"
Plane partitions [/_Lﬂ




Dimer correlations

Yy, creation operator v;, annihilation operator

Vertex operators

oo omo  Lmo  oad
Pre Iy 1o g

w;;w,;_?: 0—7 Vil pety




Correlation kernel

M (tem) (1—2m)
(bRt (b L)
B == s (1+20)
m:2m<q m:2m>1
(amabm):(L7+) (aTnabm):(Ra_)

e Thm [BCCRR]: The probability that dimers (e, ..., e;)
with e; = (w;, b;) belong to a random configuration is

cste X det(Cly,p,)



Correlation kernel

1 (1tzme) (1—2m)
(b =Rt (@b (L)
EG) =Ty 1T o™
m:2m< m:2m>1
(amabm):(L7+) (aTnabm):(Ra_)
Cop = [Zkaw k’g} ]{ff/a((;)) Z\/_ZZ
‘B

e Thm [BCCRR]: The probability that dimers (e, ..., e;)
with e; = (w;, b;) belong to a random configuration is

cste X det(Cly,p,)

(' is the inverse of the Kasteleyn matrix



Time to wrap it up

Fermionic and bosonic operators = Correlation kernel
We can compute the gf of coverings with a fixed collection of dimers
Free dimer configurations, cylindric dimer configurations

Asymptotics...

O pen q ueStiOnSZ Can we treat those with cluster algebras?

Can we allow the pattern to change in a column?



© Jérémie Bouttier
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