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@ The origins of the circle method
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The origins of the circle method

Motivation: Integer partitions

Definition

A partition of a positive integer n is a finite non-increasing sequence of
positive integers A1, ..., Ay such that Ay + - - - + A\, = n. The integers
A1, ..., Am are called the parts of the partition.

Example
There are 5 partitions of 4:

434+1,2+2,2+1+1and14+1+1+1.

Let p(n) denote the number of partitions of n.
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The origins of the circle method

Natural questions

Question of Naudé (1740): How many partitions of 50 into 7 distinct
parts?
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Question of Naudé (1740): How many partitions of 50 into 7 distinct
parts?

Solution of Euler: generating functions
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The origins of the circle method

Natural questions

Question of Naudé (1740): How many partitions of 50 into 7 distinct
parts?

Solution of Euler: generating functions

Let n, be positive integers and let Q(n, k) denote the number of partitions
of ninto k distinct parts. Then

143 > Qnk)Zq" = (14 29)(1+ 28*) (1 + z¢°)(1 + z¢*) - -

n>1k>1

=[] +z").

n>1
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The origins of the circle method

Natural questions

Question of Naudé (1740): How many partitions of 50 into 7 distinct
parts?

Solution of Euler: generating functions

Let n, be positive integers and let Q(n, k) denote the number of partitions
of ninto k distinct parts. Then

143 > Qnk)Zq" = (14 29)(1+ 28*) (1 + z¢°)(1 + z¢*) - -

n>1 k>1
= [ +z").
n>1

Recurrence relation: Q(n, k) = Q(n— k, k) + Q(n — k, k —1).
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Natural questions

Question of Naudé (1740): How many partitions of 50 into 7 distinct
parts?

Solution of Euler: generating functions

Let n, be positive integers and let Q(n, k) denote the number of partitions
of ninto k distinct parts. Then

143 > Qnk)Zq" = (14 29)(1+ 28*) (1 + z¢°)(1 + z¢*) - -
n>1k>1

=[] +z").

n>1
Recurrence relation: Q(n, k) = Q(n— k, k) + Q(n — k, k —1).

= There are 522 partitions of 50 into 7 distinct parts.
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The origins of the circle method

Natural questions

Let p(n, k) denote the number of partitions of n into k parts. Then, by
the same principle:

1+ ZZp(n, K)zkq" = H (1—12q”)

n>1 k>1 n>1
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The origins of the circle method

Natural questions

Let p(n, k) denote the number of partitions of n into k parts. Then, by
the same principle:

1
§ :E : k _n __ | |
].+ p(n, k)Z q = m
n>1 k>1 n>1

Recurrence relation: p(n, k) = p(n— 1,k — 1)+ p(n — k, k).
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The origins of the circle method

Natural questions

Let p(n, k) denote the number of partitions of n into k parts. Then, by
the same principle:

1
§ :E : k n __ ||
1 + p(n, k)Z q = m
n>1 k>1 n>1

Recurrence relation: p(n, k) = p(n— 1,k — 1)+ p(n — k, k).
By Euler's pentagonal number theorem

n(3n—1)
Yot | (S0 ) <1
n>0 neZ
we have
p(n) = p(n—1)—p(n—2)+p(n—=5)+p(n—7)—p(n—12)—p(n—15)+- - .
— Allows to compute p(1),...,p(n) in time O (n%> .
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The origins of the circle method

Natural questions

Using the previous algorithm, one can compute the first values of p(n):

p(10) = 42, p(20) = 627, p(50) = 204226,
p(100) = 190569292, p(200) = 3972999029388.
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Natural questions

Using the previous algorithm, one can compute the first values of p(n):

p(10) = 42, p(20) = 627, p(50) = 204226,
p(100) = 190569292, p(200) = 3972999029388.

The quantity p(n) increases very fast with n. How fast does it grow
(asymptotic formula)?
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Natural questions

Using the previous algorithm, one can compute the first values of p(n):

p(10) = 42, p(20) = 627, p(50) = 204226,
p(100) = 190569292, p(200) = 3972999029388.
The quantity p(n) increases very fast with n. How fast does it grow

(asymptotic formula)?
Answer:

Theorem (Hardy-Ramanujan 1918)
As n — o0,
1 2n
p(n) ~ nfexr)< \/7>
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Proof: circle method



The origins of the circle method

Natural questions

Is it possible to find an exact formula for p(n)?
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The origins of the circle method

Natural questions

Is it possible to find an exact formula for p(n)?
Answer:

Theorem (Hardy-Ramanujan-Rademacher 1937)

For every positive integer n,

172 isinh (% (% (x

—3)")

1 o
p(n) = 5 kzz:l Ax(n) e

where

—2minh

Ak(n): E Whke kK
0<h<k
(h,k)=1

and wp  is a (particular) 24-th root of unity.

(x—5)"

Proof: slightly modified version of the circle method
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© The classical circle method
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The classical circle method

A modular form

The generating function for partitions is

1 2inr 1
P(q) = Zp(n)q" = H =) —e )

n>0 n>1

where g = ™ and n(7) := ™ /1232, (1 — e?imkT) .
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The classical circle method

A modular form

The generating function for partitions is

1 2imT ]_
P(a)=> pma" =[] +——n=¢* -,
n>0 o (—a") n(r)
where g = ™ and n(7) := ™ /1232, (1 — e?imkT) .
The function 7 is a modular form:

@ some holomorphicity conditions

o VA= (j Z) e SLy(Z),n (;'_3;13) = v(A)(cT + d) (7).
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The classical circle method

A modular form

The generating function for partitions is

1 2imT ]_
P(a)=> pma" =[] +——n=¢* -,
n>0 o (—a") n(r)
where g = ™ and n(7) := ™ /1232, (1 — e?imkT) .
The function 7 is a modular form:

@ some holomorphicity conditions

o VA= (i Z) e SLy(Z),n (;'_3;13) = v(A)(cT + d) (7).

Example

7 (;1) = V—irn(7).

Jehanne Dousse (UZH) The two-variable circle method Séminaire Flajolet 8 /32



The classical circle method

An integral on a circle

By Cauchy’s theorem, we have:
For all n € N,

1 [ P9
=_— d

where «y is any circle centered at the
origin with radius p < 1.
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The classical circle method

An integral on a circle

By Cauchy’s theorem, we have:
For all n € N,

1 [ Pa)
= — d
p(n) 2im . qn+1 ?

where «y is any circle centered at the
origin with radius p < 1.

I, L+ has a pole of order ||

2ith
at every pomt g=-e k with

(h k) =1.
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Cutting the circle

By the transformation formula for 1, we can evaluate P(q) close to every
singularity exp(2imh/k).

Method:

@ Choose a correct value for the radius (tending to 1 as N tends to co)

@ Cut the circle into N small arcs (according to which singularity is the
closest)

Give an asymptotic estimation of P(q) on each of these arcs

Integrate each of them and add them
Let N tend to infinity

Jehanne Dousse (UZH) The two-variable circle method Séminaire Flajolet 10 / 32



The classical circle method

The final result

Theorem (Hardy-Ramanujan-Rademacher 1937)

For every positive integer n,

a sinh (% (3 (x

_ 1
24

)%

IR - PRV
p(n) = m@;/\k( K2+

where

—2minh
Ak(n): Z Wh, k€ ko
0<h<k
(h,k)=1

and wp i is a 24-th root of unity.

1/2
(x—3)"
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The final result

Theorem (Hardy-Ramanujan-Rademacher 1937)

For every positive integer n,

asinh (73 0-4)")

1/2
x (x—3)"

—2minh
§ Whke Kk

0<h<k
(h,k)=1

ZA )k*/?

where

and wp i is a 24-th root of unity.

Corollary:
() oV
P n—o0 4n\/§ )
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© Wright's version of the circle method
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Wright's version of the circle method

General principle

In 1933, Wright invented another version of the circle method to study the
asymptotic behaviour of weighted partitions.

If we do not need an exact formula but only an asymptotic estimation, this

version is simpler.
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Wright's version of the circle method

General principle

In 1933, Wright invented another version of the circle method to study the
asymptotic behaviour of weighted partitions.

If we do not need an exact formula but only an asymptotic estimation, this
version is simpler.

o Cut the circle into a major arc
C1 and a minor arc Cy,

@ Give an asymptotic estimate of
the integral on Cq, a

@ Show that the integral on Cs is
negligible compared to the
integral on Cy.
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Asymptotics for p(n)

The generating function P(q) = [[,>; ﬁ has its dominant singularity
at g =1.
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Asymptotics for p(n)

The generating function P(q) = [[,>; ﬁ has its dominant singularity
at g =1.

We write p(n) = M + E, where

m— L+ [ Pl 7
2im Je, g™
1 [P
=1 [P,

2irt Jo, gt O
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Asymptotics for p(n)

The generating function P(q) = [[,>; ﬁ has its dominant singularity
at g =1.
We write p(n) = M + E, where

2im Je, g™

_ 1 [ P
2w C qn+l ’

The correct radius for the upcoming calculations is e vén.

Writing g = e % = e\;Tln(Hix), we choose Cy to be the portion of the circle
where |x| <1 and C; the one where 1 < |x| < v/6n.
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Wright's version of the circle method

Asymptotic behaviour of P(q) close to g =1

Theorem

Assume that |x| < 1. As n tends to infinity,

2 - n
P(q) = ,/%eﬁ +0 (nTe’e”\/g) .

Beginning of the proof:

Pla) = nq(i)
= —i77q2714
a \ﬁn ()

2miT

e 24
—2im —2kmi
e 24t sz]_ (1 —e T )

The two-variable circle method

=V—=iT
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Asymptotic behaviour of P(q) far from g =1

Lemma
1
Let P(q) = 7‘]7(—2:) be the generating function for partitions. Assume that

T=u+iveH. For Mv < |u| <3 and v — 0, we have that

o< onl} (-2 (- k)
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Asymptotic behaviour of P(q) far from g =1

Lemma
1
Let P(q) = 7‘]7(—2:) be the generating function for partitions. Assume that

T=u+iveH. For Mv < |u| <3 and v — 0, we have that

o< onl} (-2 (- k)

—X

. . _ _ _ 1 .
The previous lemma with M =1, u = 2on and v = 276, &ives the

following.

Theorem

Assume that 1 < |x| < \/6n. As n tends to infinity,
— n_1 /3n
Pq) < n7 ViV T
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Wright's version of the circle method

The integral on C;

After changes of variable (v = 1 + ix) and some calculation, we obtain

]_ 1+i n — T zn
M = - 3 3 Weﬂ\/g(%+")dv + o <n45€ 23 )
i22(6n)7 J1-i

(8] ) o)

where /_3 is the Bessel function defined as
2

1
l_s—1 (2U) = 277_” . tsewu(t+%)dt.
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Wright's version of the circle method

The integral on C;

After changes of variable (v = 1 + ix) and some calculation, we obtain
1 14i P —5 /20
M=——= Vve™ViGH)ay + 0 <n45e 3)
i22(6n)% Ji-i

Gy (1 (V5 (7)) o o),

where /_3 is the Bessel function defined as
2

1
l_s—1 (2U) = 27 tsewu(t+%)dt.

™ Jr

e* e*
I(x) = +0(—= ).
K( )Xﬁoo 27X <X§>
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Wright's version of the circle method

The integral on C;
After changes of variable (v = 1 + ix) and some calculation, we obtain
1 1+i

M = —5 3 \/;eﬂ-\/g(%+v)dv —|— O <n_45€7T 23")
i22(6n)% J1-i

S o = m/% + 0 <egﬁ) + 0 <n_45e7r\/§) ,
V2(6n)s \ 2 3
where /_3 is the Bessel function defined as
2

1
/7571 (2U) = 277” rtsewu(t+ ) dt.

e* e*
I(x) = +0(—= ).
K( )Xﬁoo 27X <X§>

2n
n~>oo4n\/> \/74-0(/746 3)
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The integral on C;

By the estimate for P(q) far from the dominant pole, we have

Theorem

As n — o0,
2n 1

1
E<<,-,Ze7T 3 7w 2

9
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The integral on C;

By the estimate for P(q) far from the dominant pole, we have

Theorem

As n — o0,
2n 13n

1
E<nie"V3i =2

3

This is exponentially small compared to

\/Z+O<n4e 23")

4n\f
Thus

1 i /2n
n M+E ~
p(n) = w0 a3
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The two-variable circle method Motivation
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The two-variable circle method Motivation

Ramanujan’s congruences

Ramanujan’s congruences (1919)

For every non-negative integer n,

p(5n+4) =0 mod 5,
p(7n+5) =0 mod 7,
p(11ln+6) =0 mod 11.
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The two-variable circle method Motivation

Ramanujan’s congruences

Ramanujan’s congruences (1919)

For every non-negative integer n,

p(5n+4) =0 mod 5,
p(7n+5) =0 mod 7,
p(11ln+6) =0 mod 11.

Original proof using g-series identities
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The two-variable circle method Motivation

Ramanujan’s congruences

Ramanujan’s congruences (1919)

For every non-negative integer n,

p(5n+4) =0 mod 5,
p(7n+5) =0 mod 7,
p(11ln+6) =0 mod 11.

Original proof using g-series identities

Is there a combinatorial explanation?
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Motivation
The rank

In 1944, Dyson defines the rank to explain the congruences mod 5 and 7.
Definition

The rank of a partition is defined as its largest part minus its number of
parts.

Let N(m, n) denote the number of partitions of n with rank m.
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Motivation
The rank

In 1944, Dyson defines the rank to explain the congruences mod 5 and 7.

Definition
The rank of a partition is defined as its largest part minus its number of
parts.

Let N(m, n) denote the number of partitions of n with rank m.

Theorem
For all n,
Z N(m,5n+4)=---= Z N(m,5n + 4).
m=0 mod5 m=4 mod 5
Z N(m,7n+5)=---= Z N(m,7n+5).
m=0 mod 7 m=6 mod7

Jehanne Dousse (UZH) The two-variable circle method Séminaire Flajolet 19 / 32



Motivation
The rank

In 1944, Dyson defines the rank to explain the congruences mod 5 and 7.
Definition

The rank of a partition is defined as its largest part minus its number of
parts.

Let N(m, n) denote the number of partitions of n with rank m.

Theorem
For all n,
Z N(m,5n+4)=---= Z N(m,5n + 4).
m=0 mod5 m=4 mod 5
Z N(m,7n+5)=---= Z N(m,7n+5).
m=0 mod 7 m=6 mod7

The rank fails to explain the congruences modulo 11.
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Motivation
The crank

Dyson conjectures the existence of another quantity, which he calls crank,
that would explain all three congruences.
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Motivation
The crank

Dyson conjectures the existence of another quantity, which he calls crank,
that would explain all three congruences.

Definition (Andrews-Garvan 1988)

If for a partition A\, o()\) denotes the number of ones in A, and u()) is the
number of parts strictly larger than o()), then the crank of \ is defined by

[ largest part of A if o(A) =0,
crank(}) = { 1) —o(A)  if o(A) > 0.

Let M(m, n) denote the number of partitions of n with crank m.

Theorem
The crank explains the three congruences. In particular

> M(miln+6)=---= > M(m,11n+6).

m=0 mod 11 m=10 mod 11
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The two-variable circle method Motivation

Dyson’s conjecture

Conjecture (Dyson 1989)

As n and m tend to infinity, we have

M () sect 3 6m) (i)

with 8 := X

3
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The two-variable circle method Motivation

Dyson’s conjecture

Conjecture (Dyson 1989)

As n and m tend to infinity, we have

M (. n) ~  fect? (;5m> p(n)

with 8 := \/%.

@ What is the precise range of m on which it is valid?
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The two-variable circle method Motivation

Dyson’s conjecture

Conjecture (Dyson 1989)

As n and m tend to infinity, we have

M () sect 3 6m) (i)

with 8 := \/%.

@ What is the precise range of m on which it is valid?
@ What is the error term?
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The two-variable circle method Motivation

Dyson’s conjecture

Conjecture (Dyson 1989)

As n and m tend to infinity, we have

M () sect 3 6m) (i)

with 8 := \/%.

@ What is the precise range of m on which it is valid?
@ What is the error term?

@ Is there also a two-variable asymptotic formula for the rank?
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The two-variable circle method Asymptotics for the crank
Outline

@ The two-variable circle method

@ Dyson's conjecture: the two-variable circle method for Jacobi forms
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The two-variable circle method Asymptotics for the crank

The solution

Theorem (Bringmann-D. 2014)

Dyson’s conjecture is true. Precisely, if |m| < %\/Eﬁ log n, we have as
n — 0o,

M(m, n) = gsech2 <52m> p(n) (1 + O (ﬁ%|m|%>) ,

with B .= \/%
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The two-variable circle method Asymptotics for the crank

The solution

Theorem (Bringmann-D. 2014)

Dyson’s conjecture is true. Precisely, if |m| < %\/Eﬁ log n, we have as
n — 0o,

M(m, n) = gsech2 <52m> p(n) (1 + O (ﬁ%|m|%>) ,

with B .= \/7;37

Proof with the two-variable circle method
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The two-variable circle method Asymptotics for the crank

A Jacobi form

The generating function for M(m, n) is the following (except for M(m,0)
and M(m,1)):

C(¢q): = Z M(m, n)¢"q"

N
i (¢ =¢) qFin(r)
- 0(w;T) ’
where q := 2™ (¢ := e?™™ and
)

N\»-
oo\»—-

0 (w; Hl—q (1-¢q") (1-¢ " ).
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The two-variable circle method Asymptotics for the crank

A Jacobi form

The function 6 (w; 7) is a Jacobi form :
@ modular with respect to 7

e elliptic with respect to w (other transformation properties)
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The two-variable circle method Asymptotics for the crank

A Jacobi form

The function 6 (w; 7) is a Jacobi form :
@ modular with respect to 7

e elliptic with respect to w (other transformation properties)

Example
For w € C and 7 € H, we have

2

9 <W; 1) = 7i\/ii7-e%9(w;7-).

T T
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The two-variable circle method Asymptotics for the crank

A Jacobi form

The function 6 (w; 7) is a Jacobi form :
@ modular with respect to 7

e elliptic with respect to w (other transformation properties)

Example
For w € C and 7 € H, we have

miw?
0 <W; 1) =—iv—ite = O(w;T).

T T

= The two-variable generating function for the crank has modular
transformation properties.
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The two-variable circle method Asymptotics for the crank

The two-variable circle method

o By Cauchy’s theorem, define

% 1
Cn(q) := Z M (m,n)q" = /2 C (2, q) e=2mimw gy
n=0 -

NI
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The two-variable circle method Asymptotics for the crank

The two-variable circle method

o By Cauchy’s theorem, define

% 1
Cn(q) := Z M (m,n)q" = /2 C (2, q) e=2mimw gy
n=0 -

NI

@ By Cauchy’s theorem again, we have

1 Cm(q)
M(m> n) = %é qn+1 dqa

where C is the circle centred at the origin with radius e=#.
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The two-variable circle method Asymptotics for the crank

The two-variable circle method

o By Cauchy’s theorem, define

NI

o0 1
Cm(q) = Z M(m,n)q" = /2 C (e2friw; q) o= 2mimw g
n=0 -
@ By Cauchy’s theorem again, we have

1 Cm(q)
M(ma n) = %i qn+1 dqa

where C is the circle centred at the origin with radius e=#.

e With the transformation formulas, we estimate C,(q) close to and far
from the dominant pole g = 1 and we cut the circle C into a major
arc around 1 and a minor arc. Again, the integral on the minor arc is
asymptotically negligible.
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Asymptotics for the crank
Estimates of C,,(q)

Closetog=1

@ We use the transformation formulas for C((, g) to obtain asymptotic
expansions close to g = 1 (depending on ()
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@ We use the transformation formulas for C((, g) to obtain asymptotic
expansions close to g = 1 (depending on ()
@ We integrate them for ¢ on the unit circle (the sech? appears at this
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1
e We obtain that for x| <1 (g = e—B(1+ixm 3))’ as 1 - oo,
3 , n
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Asymptotics for the crank
Estimates of C,,(q)

Closetog=1

@ We use the transformation formulas for C((, g) to obtain asymptotic
expansions close to g = 1 (depending on ()

@ We integrate them for ¢ on the unit circle (the sech? appears at this
step)

1
o We obtain that for [x| <1 (g = e P1+xm 3)) a5 n — oo,
3

Cm(q) = 4(;?);5@“2 <ﬁ2m> 6‘%j +0 <Bgm§ sech? <ﬁ2m) e” g) :
Far from g =1

1
Assume that 1 < |x| < % Then we have, as n — oo,

)

3

“ ()|<<n2e><p(
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The two-variable circle method Asymptotics for the crank

Integral on the second circle

Define

Mo B c, (e,ﬁ(uixm—%)) eBn(1+ixm_?1§)dX7
Ix<1

1
21w ms3

g__P . C (e—5(1+ixm%)) An(Laim™3) 4

1 1
2rm3 1g|x|g%
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The two-variable circle method Asymptotics for the crank

Integral on the second circle
Define

M = p

C <65(1+ixm_%)> e[g’n(1+ixm_%)dx
= m 7
27rm% [x]<1

B

E =

.1 .1
. 1 Co (e—ﬂ(l—l—/xm 3)) e,Bn(1+lxm 3)dX
2rm3 1g|x|g%
We have as n — oo

Y

— Zs,ech2 <ﬁ2m> p(n) <1 +0 <’:§)) .

Jehanne Dousse (UZH) The two-variable circle method

Séminaire Flajolet 27 / 32



The two-variable circle method Asymptotics for the crank

Integral on the second circle
Define

M = p

. Crn (e,ﬁ(1+ixm_%)> e[o’n(1+ixm_%)d
2mm3 J|x|<1
E = p

b L (e—5(1+ixm§)) An(L+ixm™3) 4
2mrm3 J1<|x|<ms
We have as n — o0

M = ésech2 <ﬁm

: 2) p(n) <1+o <’"3)>
As n — o0

2 V6
E < n2 exp( 3n_nm§> < M.
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The two-variable circle method Asymptotics for the rank
Outline

@ The two-variable circle method

@ Asymptotics for the rank : the two-variable circle method for mock
Jacobi forms
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The two-variable circle method Asymptotics for the rank

The theorem

The rank has the same asymptotic formula as the crank.

Theorem (D.-Mertens 2014)

1
If |m| < ﬁ—\/gﬁlogn, we have as n — o0,

N(m,n) = ésech2 <ﬂm) p(n) (1 +0 (ﬁﬂmﬁ)) )

4 2

with B .= \/%
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The two-variable circle method Asymptotics for the rank

The theorem

The rank has the same asymptotic formula as the crank.

Theorem (D.-Mertens 2014)

1
If |m| < W—\/gﬁlogn, we have as n — o0,

N(m,n) = gsech2 <ﬁ2m) p(n) (1 +0 (ﬁﬂmﬁ)) )

with B .= \/%

Proof: again with the two-variable circle method, but more technical
difficulties.
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The two-variable circle method Asymptotics for the rank

A mock Jacobi form

We always assume 7 € H, w € R, g := €®™'7, and ¢ := ™. The
generating function for the rank is the following.

_ -1(/3 _ /3 -
S0 | aEmey ¢ (G ) Aaw i
—C (C% — C*%) A1(3W,T;3T):| ,
where A; is an Appell-Lerch sum.
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The two-variable circle method Asymptotics for the rank

A mock Jacobi form

The Appell-Lerch sum

. —1)" 2minv
A(u,v;7) = e”'“Z( )'g > e

is @ mock Jacobi form:
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The two-variable circle method Asymptotics for the rank

A mock Jacobi form

The Appell-Lerch sum

Ai(u,v; 1) = e”iuz

1— e27riu n
nezZ q

is @ mock Jacobi form:

modular transformation with respect to 7 but an error integral appears in
the transformation formula.
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The two-variable circle method Asymptotics for the rank

A mock Jacobi form

The Appell-Lerch sum

. —_ n 2
Ai(u,v;T) =™ Z ( ?_qe%iuqn
nezZ
is a mock Jacobi form:
modular transformation with respect to 7 but an error integral appears in
the transformation formula.

Example
1 =i(w?-2u) uv 1 1
_- A2 L A Y= —h(y — v )
Te 1 (T,T. 7_) + Ai(u,v; 1) 57 (u—v;7)0(v; 1),
where

% e7ri7'w27271'zw
h(z; 1) := ——dw.
(z7) / cosh(mw) v

—00
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The two-variable circle method Asymptotics for the rank

The two-variable circle method

@ As for the crank, by Cauchy's theorem, define

0 1
Rm(q) == Z N(m,n)q" = /2 R (627riw; CI) o= 2mimw 4,
n=0 —

N =

and write

N (m ) = 1 jiRm(q)d%

~ oxi qnt+1

where C is the circle centred at the origin with radius e 5.
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The two-variable circle method Asymptotics for the rank

The two-variable circle method

@ As for the crank, by Cauchy's theorem, define

1

Rm(q) = Z N(m, n) q" = /2 R (e2ﬂiw; q) e—2mimw 4
n=0 —

N =

and write

N (m ) = 1 %:Rm(q)d%

~ oxi qnt+1

where C is the circle centred at the origin with radius e 5.

@ With the transformation formulas, we estimate R,(q) close to and far
from the dominant pole g = 1 and we cut the circle C into a major
arc around 1 and a minor arc. But we also need to analyse the
contribution of the error integrals in R (e27riW; q).
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The two-variable circle method Asymptotics for the rank

The two-variable circle method

@ As for the crank, by Cauchy's theorem, define

1

Rm(q) = Z N(m, n) q" = /2 R (e2ﬂiw; q) e—2mimw 4
n=0 —

N =

and write

N (m ) = 1 %:Rm(q)d%

~ oxi qnt+1

where C is the circle centred at the origin with radius e 5.

@ With the transformation formulas, we estimate R,(q) close to and far
from the dominant pole g = 1 and we cut the circle C into a major
arc around 1 and a minor arc. But we also need to analyse the
contribution of the error integrals in R (e27riW; q).

@ Again, the integral on the minor arc is asymptotically negligible.
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Perspectives

@ The two-variable circle has already been applied to study the
asymptotics of other quantities:
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Perspectives

@ The two-variable circle has already been applied to study the
asymptotics of other quantities:

» ranks of unimodal sequences (Bringmann-Kim 2014)
> Xy-genus of Hilbert schemes of points on K3 surfaces (Manschot-
Zapata Rolon 2015)
» M,-rank of partitions without repeated odd parts (Mao 2015)
@ Is it possible to find a circle method for Jacobi forms with more than
two variables?
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