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The XOR Cellular Automaton

A

The system keeps some information on its initial configuration.
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The XOR Cellular Automaton

The system forgets its initial configuration.
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The noisy hardcore Cellular Automaton
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The noisy hardcore Cellular Automaton
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Definition of Cellular Automata

A CA F on E =79 is defined by:
e a finite alphabet A (set of symbols)
@ a finite neighbourhood N C Z9,
e a local function f : AN — A .

From configuration (xk),eze € A% cell k is updated by symbol

f((Xk—i-v ) VGN)

Time t + 1 D
( i
we N BOOEMECOCEECOEECOCEE
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Definition of Cellular Automata

A PCA F on E =79 is defined by:
e a finite alphabet A (set of symbols)
@ a finite neighbourhood N C Z9,
e a local function £ : AV — M(A).

From configuration (xk),eze € AZ el k is updated by symbol y
with probability:
f((Xk+v)v€N)()/)7

simultaneously and independently of the other cells.

Time t + 1 D
( i
we N BOOEMECOCEECOEECOCEE

Iréne Marcovici Ergodicité de certains automates cellulaires bruités



The noisy hardcore Cellular Automaton

B e
T ? Set of cells: E=7
i m AIPhabet: A={R 0O}
.- Neighbourhood: N = {0,1}

Local function:
fo{m02 - M({m0})

defined by:
F(O0) = (1 — p)om + poc

F(OM) = £(WO0) = £(WM) = 5
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The noisy hardcore Cellular Automaton

with proba.

O
T b ? Set of cells: E =7
1 . Alphabet: A = {M, (1}
- |y Neighbourhood: N = {0,1}

Local function:
fo{m02 - M({m 0}

Global function:
F: M({m,0}%) - M({m,0}%)

W uF
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Cellular automata

o F: A% A% isa CA <= F continuous and Foo =0 o F
@ Model of parallel computing

@ Simple definition and wide variety of behaviour!
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Cellular automata

o F: A2 + A% isa CA <= F continuous and Foo =coF
@ Model of parallel computing

@ Simple definition and wide variety of behaviour!

5 A

/
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Cellular automata

o F: A% + A% isa CA <= F continuousand Foo =00 F
@ Model of parallel computing with noise

@ Simple definition and wide variety of behaviour!

5 A

/
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Notion of ergodicity

What are the CA that present some robustness to random errors?
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Notion of ergodicity

What are the CA that present some robustness to random errors?

If a PCA forgets every bit of information on the initial
configuration, we say it is ergodic.

Ergodicity
A PCA F on A% is ergodic if:

@ it has a unique invariant probability distribution
7 € M(A%"), such that Frr =,

e for any initial measure u € M(Azd), the sequence of iterates
(F"u)n>0 converges weakly to .
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Positive rates conjecture w

@ Positive rates conjecture: for d = 1, if all the transition rates
are > 0, then the PCA is ergodic.
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Positive rates conjecture w

@ Positive rates conjecture: for d = 1, if all the transition rates
are > 0, then the PCA is ergodic.

@ Remark: false for d > 2

Counter-example for d = 2: Toom CA N
Majority rule: (7(x))i; = maj(xij, Xij+1, Xi+1,) C—E
'.:.l' ?. ll
-i'::
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Positive rates conjecture w

@ Positive rates conjecture: for d = 1, if all the transition rates
are > 0, then the PCA is ergodic.

@ Remark: false for d > 2 and false for d =1

Counter-example for d = 2: Toom CA N
Majority rule: (T(X)),"j = maj(x;J,x;,j+1,x;+1J) C—F

Counter-example for d = 1: very complicated! [Gacs 2001]
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Question

@ For deterministic CA (no noise): ergodicity <= nilpotency
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Question

@ For deterministic CA (no noise): ergodicity <= nilpotency
@ Deterministic CA + high noise: ergodicity

Iréne Marcovici Ergodicité de certains automates cellulaires bruités



Question

@ For deterministic CA (no noise): ergodicity <= nilpotency
@ Deterministic CA + high noise: ergodicity
o Deterministic CA + small noise: 777
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Question

@ For deterministic CA (no noise): ergodicity <= nilpotency
@ Deterministic CA + high noise: ergodicity
o Deterministic CA + small noise: 777

Elementary PCA: A = {0,1}, N' = {0,1}, f(01) = f(10)
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Question

@ For deterministic CA (no noise): ergodicity <= nilpotency
@ Deterministic CA + high noise: ergodicity
o Deterministic CA + small noise: 777

Elementary PCA: A ={0,1}, N' = {0,1},£(01) = f(10)
Is the positive rate conjecture true for elementary PCA?
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Question

@ For deterministic CA (no noise): ergodicity <= nilpotency
@ Deterministic CA + high noise: ergodicity
o Deterministic CA + small noise: 777

Elementary PCA: A ={0,1}, N' = {0,1},£(01) = f(10)

Is the positive rate conjecture true for elementary PCA?
It has been shown that for 90% of the cube of parameters, the
PCA is ergodic [Toom et al. 1990].
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Ergodicity of PCA

Content

@ The case of deterministic CA
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Ergodicity of PCA

Content

@ The case of deterministic CA

@ The envelope PCA and a general criterion of ergodicity for
the high-noise regime

Iréne Marcovici Ergodicité de certains automates cellulaires bruités



Ergodicity of PCA

Content

@ The case of deterministic CA

@ The envelope PCA and a general criterion of ergodicity for
the high-noise regime

@ Some proofs of ergodicity for PCA close to being
deterministic
@ The noisy hardcore CA
@ Noisy nilpotent CA
© Noisy spreading CA
© Noisy permutive CA
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Ergodicity of deterministic CA w

A deterministic CA F : AZ® — AZ% is nilpotent if there exists
a € Asuch that:  Vx € A% 3ne N, F(x) = .
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Ergodicity of deterministic CA w

A deterministic CA F : AZ® — AZ% is nilpotent if there exists
a € Asuch that:  Vx € A% 3ne N, F(x) = .

Proposition [Bugi¢-Mairesse-M., STACS 2011 & Adv. Appl. Proba]

For deterministic CA, ergodicity < nilpotency.

Proof. <= is easy ; = in two steps:

© the unique invariant measure has to be a measure
. . . d
concentrated on a monochromatic configuration a”

@ the convergence properties then implies the nilpotency (using
[Guillon & Richard 2008], and [Salo 2012] for d > 2).
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Ergodicity of deterministic CA w

A deterministic CA F : AZ® — AZ% is nilpotent if there exists
a € Asuch that:  Vx € A% 3ne N, F(x) = .

Proposition [Bugi¢-Mairesse-M., STACS 2011 & Adv. Appl. Proba]

For deterministic CA, ergodicity < nilpotency.

Proof. <= is easy ; = in two steps:

© the unique invariant measure has to be a measure

. . . d
concentrated on a monochromatic configuration o,

@ the convergence properties then implies the nilpotency (using
[Guillon & Richard 2008], and [Salo 2012] for d > 2).

Corollary (with [Kari 1992])

The ergodicity of one-dimensional deterministic CA (and hence of
PCA) is undecidable.
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Update function of a PCA w

A way to run a PCA (on A = {0,1}) from configuration x € A%:

@ generate for each cell k independently and uniformly a
random number ry in [0, 1],

@ choose the new state of the cell k to be
0 if re < f((xk+v)ven)(0), and 1 otherwise.

X_3 X_p X_1 Xo X1 Xo X3
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Update function of a PCA w

A way to run a PCA (on A = {0,1}) from configuration x € A%:

@ generate for each cell k independently and uniformly a
random number r, in [0, 1],

@ choose the new state of the cell k to be
0 if rie < f((Xk+v)ven)(0), and 1 otherwise.

6 Flaor)(0) i o

Yo
X_3 X_2 X_1 Xp X1 Xo X3
r3 ro2 r-1 rnn n n nr
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Update function of a PCA w

A way to run a PCA (on A = {0,1}) from configuration x € AZ:

@ generate for each cell k independently and uniformly a
random number r, in [0, 1],

@ choose the new state of the cell k to be
0 if rie < f((Xk+v)ven)(0), and 1 otherwise.

é f(l‘li-;?l)(o) i "o

It defines an update function for F, given by:
¢ A2 % [0,1]% — A%

6%, )i = { 0 if ric < £(()iek2)(0)

1 otherwise.
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Update function of a PCA

Example: A = {0,1}, neighbourhood N = {0, 1}

0 1
71 0) ‘ Tk
0 1
£(10)(0) "
0 1
F(01)(0) ‘ T
0 1
0 £(00)(0) 1 Tk
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Update function of a PCA

Example: A = {0,1}, neighbourhood N = {0, 1}

0 1
70 ‘ i
0 | 1
oo | ‘ e
0 i 1
T 7000) ‘ Tk
0 oo
0 7(00)(0) i -
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Update function of a PCA

Example: A = {0,1}, neighbourhood N = {0, 1}

0 1
70 ‘ i
0 1
7(10)(0) ‘ e
0 1
7(01)(0) ‘ Tk
Lo 1
§ | 7(00)(0) i Tk
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Update function of a PCA

Example: A = {0,1}, neighbourhood N = {0, 1}

0 | 1

Fa0) | ‘ i

0 1 !
70)(0) | ‘ e

0 1 i
7(01)(0) 1 ‘ Tk

0 1 |
§ 7(00)(0) ! i Tk
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Envelope PCA

Introduction of an envelope PCA defined on the alphabet

to handle configurations partially known.
env(£)(20)(0) env(£)(20)(?) env(£)(20)(1)

j'(l(‘))(())

T "
The update function ¢ of env(P) satisfies for x € A% and y € BZ,
xey=Vrel0,1)% ¢(x,r) € d(y,r).



Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

a b
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

77
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.
71
777 (rh)o<i<2
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

<
7?7 77 (r?)o<i
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

~N N
~ O
~N =
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

~N N N
~N O
~N =
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

(r)o<i<2
(r?)o<i<3
Y Y S S (’?)03154
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

<i<2
1?2720 (r?)o<i<s3
[ O B (r)o<i<a
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

701 (r)o<i<2
1 ? ? 0 (I’,-z)og,'g3
[ O B (r)o<i<a
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

N N
~N N O =
NN
v o

N—r

o
IAIAIA
IN N CIN

w N
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

(rM)o<i<2
(rP)o<i<s
(r)o<i<a
[N SR R G G4 (I‘I-ZL)OS,'S5
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

(rM)o<i<2
(rP)o<i<s
707?17 (r?)o<i<a
[ A S A (ro<i<s
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

(rM)o<i<2
1 1 ? 0 (I’,-2)0§;§3
707?17 (r?)o<i<a
[ A S A (ro<i<s
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Coupling from the past algorithm

Let F bea PCAon E =17, A={0,1}, with N' = {0,1}.

101 (rM)o<i<2
1 1 ? 0 (I’,-2)0§;§3
707?17 (r?)o<i<a
[ A S A (ro<i<s
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Coupling from the past algorithm

Let F bea PCAon E =7, A=1{0,1}, with N' = {0, 1}.

01

101 (rHo<i<z
1 1 7 0 (r,-2)0§;§3
? 0 7 1 ? (r,-3)0§,-§4
O G Y S S (r-zl)og,'g5
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Coupling from the past algorithm

Let F bea PCAon E =7, A=1{0,1}, with N' = {0, 1}.

01

101 (r7 Jo<i<2
11720 (r})o<i<3
7?0717 (r?)o<i<a
rrr Ty (rMo<i<s

If this algorithm stops a.s. then the PCA is ergodic, and the
algorithm samples perfectly its unique invariant distribution.
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Perfect sampling using EPCA

The algorithm stops a.s. if and only if the envelope PCA is ergodic.
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Perfect sampling using EPCA

Proposition
The algorithm stops a.s. if and only if the envelope PCA is ergodic.

But the ergodicity of the envelope PCA is not equivalent to the
ergodicity of the original PCA!
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Ergodicity criterion

Let F be a PCAon E =7Z, A={0,1}, with A" = {0,1}.

?
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Ergodicity criterion

Let F be a PCAon E =7Z, A={0,1}, with A" = {0,1}.

?
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Ergodicity criterion

Let F be a PCAon E =7Z, A={0,1}, with A" = {0,1}.

?
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Ergodicity criterion

Let F be a PCAon E =7Z, A={0,1}, with A" = {0,1}.

?
) (f,-l)o<,<2
?
AN (r,-2)o<,<3
?
) (f,-3)o<,<4
?
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Ergodicity criterion

Let F be a PCAon E =7Z, A={0,1}, with A" = {0,1}.

?
) (f,-l)o<,<2
?
AN (r,-2)o<,<3
?
) (f,-3)o<,<4
?
Let pr =1 min f(x)(0) ~ min f(x)(1)
= max f(x)(1) — min f(x)(1).
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Ergodicity criterion

Let F be a PCAon E =7Z, A={0,1}, with A" = {0,1}.

?
) (f,-l)o<,<2
?
AN (r,-2)o<,<3
?
) (f,-3)o<,<4
?
Let pr =1 min f(x)(0) ~ min f(x)(1)
= max f(x)(1) — min f(x)(1).

For each cell, P(?) < p; (domination by indep. Bernoulli)
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Ergodicity criterion

Let F be a PCAon E =7Z, A={0,1}, with A" = {0,1}.

?
) (f,-l)o<,<2
?
AN (r,-2)o<,<3
?
) (f,-3)o<,<4
?
Let pr =1 min f(x)(0) ~ min f(x)(1)
= max f(x)(1) — min f(x)(1).

For each cell, P(?) < p; (domination by indep. Bernoulli)
If p» < a® = directed percolation threshold, then the PCA is ergodic.
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Ergodicity criterion

Let F be a PCAon E =7Z, A={0,1}, with A" = {0,1}.

?
) (f,1)0<,<2
?
AN (r,-2)o<,<3
?
) (f,-3)o<,<4
?

Let pr =1 —Xgiétr)v f(x)(0) — mir)v f(x)(1)

xEA

= max fF(x)(1) — min, f(x)(1).

For each cell, P(?) < p; (domination by indep. Bernoulli)
If p» < a® = directed percolation threshold, then the PCA is ergodic.
Remark: a* > 1/|N|.
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The noisy Hardcore
Cellular Automaton




The noisy Hardcore Cellular Automaton

O
| | O
(]} Oom
o WO
- PCA F
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The noisy Hardcore Cellular Automaton

O
| | O
(]} Oom
o WO
- PCA F
pr=1-—p
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The noisy Hardcore Cellular Automaton

O
| | O
(]} Oom
o WO
- PCA F
pr=1-—p

By the ergodicity criterion, F is ergodic for p > 1 — o™ = 0.295.

What can we say for small values of p?
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The noisy Hardcore Cellular Automaton

Theorem [Holroyd-M.-Martin, arXiv 2015]
For any parameter p € (0, 1), the noisy Hardcore CA is ergodic.
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The noisy Hardcore Cellular Automaton

Theorem [Holroyd-M.-Martin, arXiv 2015]
For any parameter p € (0, 1), the noisy Hardcore CA is ergodic.

Right-weight of a symbol “?" =
e 3 if it is followed by a 0, then by a 1,
e 2 if it is followed by a 0, then by something else than a 1,

@ 1 otherwise.
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The noisy Hardcore Cellular Automaton

Theorem [Holroyd-M.-Martin, arXiv 2015]
For any parameter p € (0, 1), the noisy Hardcore CA is ergodic.

Right-weight of a symbol “?" =
e 3 if it is followed by a 0, then by a 1,
e 2 if it is followed by a 0, then by something else than a 1,
@ 1 otherwise.
Left-weight of a symbol “?7" =
e 3 if it is preceded by a 0, then a 1,
o 2 if it is preceded by a 0, then something else than a 1,

@ 1 otherwise.
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The noisy Hardcore Cellular Automaton

Theorem [Holroyd-M.-Martin, arXiv 2015]
For any parameter p € (0, 1), the noisy Hardcore CA is ergodic.

Right-weight of a symbol “?" =
e 3 if it is followed by a 0, then by a 1,
e 2 if it is followed by a 0, then by something else than a 1,
@ 1 otherwise.
Left-weight of a symbol “?7" =
e 3 if it is preceded by a 0, then a 1,
o 2 if it is preceded by a 0, then something else than a 1,
@ 1 otherwise.

Total weight =left-weight + right-weight.
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The noisy Hardcore Cellular Automaton

Theorem [Holroyd-M.-Martin, arXiv 2015]
For any parameter p € (0, 1), the noisy Hardcore CA is ergodic.

Right-weight of a symbol “?" =
e 3 if it is followed by a 0, then by a 1,
e 2 if it is followed by a 0, then by something else than a 1,
@ 1 otherwise.
Left-weight of a symbol “?7" =
e 3 if it is preceded by a 0, then a 1,
o 2 if it is preceded by a 0, then something else than a 1,
@ 1 otherwise.
Total weight =left-weight + right-weight.

Example: in 107710, the first “?" has a weight 34+-1=4 and the
second one a weight 1 +1 = 2.
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Definition of the percolation game w

Grid N x N, with each site colored in blue independently with
probability p  (here, p =0.2).
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Definition of the percolation game w

Grid N x N, with each site colored in blue independently with
probability p  (here, p =0.2).

One token, that two players move alternatively, from position x to
a white position among x + (0, 1) or x + (1,0).
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Definition of the percolation game w

Grid N x N, with each site colored in blue independently with
probability p  (here, p =0.2).

One token, that two players move alternatively, from position x to
a white position among x + (0, 1) or x + (1,0).

If both sites x + (0,1) and x + (1,0) are blue, then the player
whose turn it is to play loses the game.
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Definition of the percolation game w

Grid N x N, with each site colored in blue independently with
probability p  (here, p =0.2).

One token, that two players move alternatively, from position x to
a white position among x + (0, 1) or x + (1,0).

If both sites x + (0,1) and x + (1,0) are blue, then the player
whose turn it is to play loses the game.
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Winning positions, loss and draws w

A position is:
e a win (W) if from this position, the player whose turn it is to
play has a winning strategy,

@ a loss (L) if from this position, the other player has a winning
strategy,

e a draw (D) if neither player has a winning strategy, so that
with “best play”, the game will continue for ever.
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Winning positions, loss and draws w

A position is:
e a win (W) if from this position, the player whose turn it is to
play has a winning strategy,

@ a loss (L) if from this position, the other player has a winning
strategy,

e a draw (D) if neither player has a winning strategy, so that
with “best play”, the game will continue for ever.

|
[ |
[ | | H B
|
H_En
H B ] |
| H B
| H B
| |
H BN EH B
||
H N |
BN
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Winning positions, loss and draws w

A position is:
e a win (W) if from this position, the player whose turn it is to
play has a winning strategy,

@ a loss (L) if from this position, the other player has a winning
strategy,

e a draw (D) if neither player has a winning strategy, so that
with “best play”, the game will continue for ever.
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Winning positions, loss and draws w

A position is:
e a win (W) if from this position, the player whose turn it is to
play has a winning strategy,

@ a loss (L) if from this position, the other player has a winning
strategy,

e a draw (D) if neither player has a winning strategy, so that
with “best play”, the game will continue for ever.

|
[ |
| [ | H B
[ |
H EN
H B [ | |
| H N
[ | H B
[ | [ |
Hw_L,EE H B
Lw W
H H [ |
H N
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Winning positions, loss and draws w

A position is:
e a win (W) if from this position, the player whose turn it is to
play has a winning strategy,

@ a loss (L) if from this position, the other player has a winning
strategy,

e a draw (D) if neither player has a winning strategy, so that
with “best play”, the game will continue for ever.

|
[ |
| [ | H B
[ |
H EE
H B [ | |
| H N
| H B
[ | [ |
Hw_ EE H R
wLw B
W
H H [ |
N |

Iréne Marcovici Ergodicité de certains automates cellulaires bruités



The percolation game

Theorem [Holroyd-M.-Martin, arXiv 2015]

For any p € (0,1), the probability of draws is O for the percolation
game on N?.
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The percolation game

Theorem [Holroyd-M.-Martin, arXiv 2015]

For any p € (0,1), the probability of draws is O for the percolation
game on N?.

Question: what can we say for the percolation game on N3?
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Noisy Nilpotent CA
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Nilpotent CA with noise

Let F : A — A” be a nilpotent CA.
There exists o € A and s > 1 such that: Vx € A%, F5(x) = o?.
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Nilpotent CA with noise

Let F : A — A” be a nilpotent CA.
There exists o € A and s > 1 such that: Vx € A%, F5(x) = o?.

Let R be any probabilistic cellular automaton on AZ.

We denote by F. the PCA that consists in, for each cell
independently, choosing to apply

@ the local rule of F with probability 1 — ¢,

@ the local rule of R with probability .
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Nilpotent CA with noise

Let F : A — A” be a nilpotent CA.
There exists o € A and s > 1 such that: Vx € A%, F5(x) = o?.

Let R be any probabilistic cellular automaton on AZ.

We denote by F. the PCA that consists in, for each cell
independently, choosing to apply

@ the local rule of F with probability 1 — ¢,
@ the local rule of R with probability .

Proposition [M.-Sablik-Taati
If € is small enough, then the PCA F; is ergodic.
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Nilpotent CA with noise
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Nilpotent CA with noise
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Nilpotent CA with noise

/N /N
’ N N
s . N
’ /N N
’ s N N
/NN A
X 2NN
o, NN 1
s NN
i NN
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Nilpotent CA with noise

/N /N
’ N N
s . N
’ /N N
’ s N N
/NN A
X 2NN
o, NN 1
s NN
i NN
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Spreading CA with noise
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Spreading CA with noise w

Let F : AZ — A” be a deterministic CA. We say that the letter
a € A is a spreading symbol for F if

(Xk4n =« forsome neN) = F(x)x=o.
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Spreading CA with noise w

Let F : AZ — A” be a deterministic CA. We say that the letter
a € A is a spreading symbol for F if

(Xk4n =« forsome neN) = F(x)x=o.

We denote by F. the PCA that consists in, for each cell
independently,

@ applying the local rule of F with probability 1 — ¢,

@ choosing a symbol according to a given distribution p with
probability €.
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Spreading CA with noise w

Let F : AZ — A” be a deterministic CA. We say that the letter
a € A is a spreading symbol for F if

(Xk4n =« forsome neN) = F(x)x=o.

We denote by F. the PCA that consists in, for each cell
independently,

@ applying the local rule of F with probability 1 — ¢,

@ choosing a symbol according to a given distribution p with
probability €.

Proposition [M.-Sablik-Taati]
If e >0 and p(«) > 0, then the PCA F. is ergodic.
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Spreading CA with noise
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Spreading CA with noise
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Spreading CA with noise

t__l 4 N/ N\
7/ ‘/\‘ A
t= -2 e A —
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Spreading CA with noise

t__l 4 N/ N\

7/ ‘/\‘ A
:_2 4 N/ N\

7/ ‘/\‘ A
t=-3 — ¢ ¢+ o
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Spreading CA with noise

t= x 2
2N AN
t 1 7/ A 7/ N
2NN YRS
t 2 7/ /N A 7/ 7 N A
2NN Y
t 3 7/ /N A 7/ 7 N A
= — —e—¢—o—o— ————®—x—
2N 2N
’ N [0 N
’ I N ’ I N
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Spreading CA with noise

(87
t= * 2
2N 2N
t 1 7 A 7 N
= — —_——f——— —_——f———
2NN 2NN
t 2 7 7N A 7 7N A
= — ——f——— — e —k——
2NN 2NN
t 3 7 7N A 7 7N A
= — —e—¢—o—o— ————®—x—
2N 2N
s N (074 N
’ 1 N ’ 1 N
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Spreading CA with noise

Remark: the hypothesis on the noise is not the same as for

nilpotent CA.
Small e-perturbation versus memoryless zero-range noise given by

the distribution p.
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Spreading CA with noise

Remark: the hypothesis on the noise is not the same as for

nilpotent CA.
Small e-perturbation versus memoryless zero-range noise given by

the distribution p.
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Noisy Permutive CA
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Permutive CA

A deterministic CA F of neighb. N' = {0,1} is left-permutive if:

Vb € A, 3 permutation o, of A such that f(ab) = op(a).

op(a)
AN
a b
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Permutive CA

A deterministic CA F of neighb. N' = {0,1} is left-permutive if:

Vb € A, 3 permutation o, of A such that f(ab) = op(a).

op(a)
AN
a b

Additive CA: A =7Z/nZ and f(ab) = a+ b.
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Permutive CA with noise

Let F be a left-permutive CA.

We denote by F. the PCA that consists in, for each cell
independently,

@ applying the local rule of F with probability 1 — ¢,

@ choosing uniformly a symbol in A with probability ¢.

Proposition [M.-Sablik-Taati]
For any € € (0,1), the PCA F. is ergodic.
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Permutive CA with noise

Each a € A induces a permutation o, on A" :

Vi Yn=0a(x1...Xn).

yi y2 ... Yn
X1 X2 ... Xp a

Il
O =
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Permutive CA with noise

When adding the noise R, each a € A induces a Markov chain P,
on A" :

VieeYn~Pa(x1...%n ®).

iy o
X1 X2 ... Xp a

Il
O =
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Permutive CA with noise

When adding the noise R, each a € A induces a Markov chain P,
on A" :

VieeYn~Pa(x1...%n ®).

iy o
X1 X2 ... Xp a

Il
O =

P, is irreducible and aperiodic.
The uniform measure on A" is invariant under P,.
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Permutive CA with noise

When adding the noise R, each a € A induces a Markov chain P,
on A" :

VieeYn~Pa(x1...%n ®).

i o -0 Yo a
X1 X2 ... Xp a

Il
O =

P, is irreducible and aperiodic.
The uniform measure on A" is invariant under P,.
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Permutive CA with noise

When adding the noise R, each a € A induces a Markov chain P,
on A" :

VieeYn~Pa(x1...%n ®).

t=2 21 Zp -+ Zp
t = }"'/1 )"/2 )"/n

P, is irreducible and aperiodic.
The uniform measure on A" is invariant under P,.
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Permutive CA with noise

When adding the noise R, each a € A induces a Markov chain P,
on A" :

VieeYn~Pa(x1...%n ®).

t=2 Z Zy -+ Zp a
t = Vi Vo o Vn
t = X1 X2 ... Xp

P, is irreducible and aperiodic.
The uniform measure on A" is invariant under P,.
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Permutive CA with noise

When adding the noise R, each a € A induces a Markov chain P,
on A" :

VieeYn~Pa(x1...%n ®).

3 - a
t=2 2 2 -+ Z, a
=1 »n ¥ - Vo a
=0 X\ X ... X, a

P, is irreducible and aperiodic.
The uniform measure on A" is invariant under P,.
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Permutive CA with noise

When adding the noise R, each a € A induces a Markov chain P,
on A" :

oo Fn~Pa(xa...xn, @)

3 . ds
t=2 2L Z -+ Z, a3
=1 B ¥ - In @
=0 X1 Xo ... Xp a1

P, is irreducible and aperiodic.
The uniform measure on A" is invariant under P,.
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Permutive CA with noise

When adding the noise R, each a € A induces a Markov chain P,
on A" :

oo Fn~Pa(xa...xn, @)

=3 S g
t = 2L Z -+ Z, a3
t=1 ' Y2 -+ Vn @
t=20 X1 Xo ... X, a1

P, is irreducible and aperiodic for any a € A.
The uniform measure on A" is invariant under P, for any a € A.
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Permutive CA with noise

For each a € A, there exists 8, < 1 such that:

|Pape = Pav[[1 < ballp = 1,
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Permutive CA with noise

For each a € A, there exists 8, < 1 such that:

|Pape = Pav[[1 < ballp = 1,

Let 6 = max{f,; a € A}.

||Pa; -+« PayPajpt — Pa, ... P3,Pav|]1 < GtH,u —v|1.
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Permutive CA with noise

For each a € A, there exists 8, < 1 such that:

|Pape = Pav[[1 < ballp = 1,

Let 6 = max{f,; a € A}.

||Pa; -+« PayPajpt — Pa, ... P3,Pav|]1 < GtH,u —v|1.

In particular, for v = A, (uniform measure on .A"), we obtain that
for any distribution 1 on A" and any aj,...,a; € A,

|| Pag - - - Pay Payp — Anllt < atHN_ Anll1 < 20"
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Interacting gliders
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Interacting gliders

@ Gliders with annihilation rules
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Interacting gliders

@ Gliders with annihilation rules
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Interacting gliders

@ Gliders with annihilation rules

t=0 A

@ Gliders with reflecting walls

t=0
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Perspectives

e Finding good weight systems for other families of PCA.

e Elementary PCA (neighbourhood of size 2, binary states):
is it true that if all the probability transitions are in (0, 1),
then the PCA is ergodic? With James Martin.
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Perspectives

e Finding good weight systems for other families of PCA.

e Elementary PCA (neighbourhood of size 2, binary states):
is it true that if all the probability transitions are in (0, 1),
then the PCA is ergodic? With James Martin.

@ Surjective CA with “symmetric noise”: convergence towards

the uniform measure?
With Siamak Taati and Mathieu Sablik.
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Perspectives

e Finding good weight systems for other families of PCA.

e Elementary PCA (neighbourhood of size 2, binary states):
is it true that if all the probability transitions are in (0, 1),
then the PCA is ergodic? With James Martin.

@ Surjective CA with “symmetric noise”: convergence towards
the uniform measure?
With Siamak Taati and Mathieu Sablik.

Thank you for your attention!

Iréne Marcovici Ergodicité de certains automates cellulaires bruités



