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. Start with two things :

1) A tiling of the plane by unit triangles ;

2) A triangular array
of integers

,

bi
"

bi
"

bi
"

¥" bi"be

- To this data
,

we associate
a sequence

A " '
of planar domains

.
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. STEP ZERO : Introduce a coordinate system
.
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. STEP ONE : Construct the horizontal line through ( QN )
.

(0¥
.
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. STEP Two : Construct N outward
- facing unit triangles on the line

,

such that the midpoints of their bases have horizontal

coordinates bi
"

?
. .

> BY
.

b÷b¥"b¥"
be

b"i
'

BY bin

- - - - -
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. STEP THREE : Erase the bases of the triangles
.

bi
'

bi
"

bi
"=

This is the Sawtooth domain A "
of rank N with boundary

conditions ( bi
"

, . . ,

bi" )
.
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. St "
can be tessellated

using
tiles of three types

,

called lozenges
.

left - leaning right - leaning

vertical

- - - - -



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

- Tiling s
of A "

are in bisection with filings of
a polygonal

subdomainTiling . = 1¥ bing.be
"

bi"
bin bin

- - - - -
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- Ensemble
: T " "

is a uniformly random lozenge tiling of A "
?

- What does T "
look like

as
N - so ?

- Dependence on boundary conditions ?

bi
"

bi
" bin

- - - - -
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- Trivial example : sequence
of boundary conditions is

"

fully packed
"

0

I 0

2 I 0

.

?2 I °
...

. I
"

has all its teeth in one
"

dump

.
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- - -

N=3

- - - -

N=4
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- Natural
, non .

trivial example : unit - spaced boundary conditions

0

2 0

4 2 0

?4 2Q .

.

. A " '
is the sawtooth domain of rank N with the maximal

number of dumps
,

and minimal spread conditional on this
.
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- - -

N=:

/

i . . .



Fig
. by Norden stam and Young



Norden Stam - Young

-
Spelling due to
Norden stam - Young



⇐Iii##!t!¥
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- One more example :

:
4 I 0

8 7  62 I 0
=

;"
is a Sawtooth domain of rankN=O( mod

. 2) whose teeth

form two clumps ,
each of size Nk

.

These
dumps are separated

by Nk vacant sites
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

- - - -

N

:
- - - - -

N=6
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Figure by Cohn

,
Larsen

, Propp
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- These simulations illustrate the Law of Large Numbers for T "?

- Height function hn :D " "
- { 0,1

, . .,N }
.

5 4

 32
I

5 5  54 4 4 2 0 0 0 0 0
4 3 2 1

4 4 4 4 4 32 0 0 0 0 0

3 3 3 3  33 22 1
"

0 0 0 0 0

2 2 2 2  22 1
t

'

0 0 0 0 O 0

I 1 I I
.

I I
"

0 0 O O O 0

- Renormalized height function In :

. " "

→{ O
,
's , . . ;D

,
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- LAW OF LARGE NUMBERS : The

renormalized
height function

converges
to

a
deterministic limit function on R×[ 0,1 ]

.

cnn.ie#hmMo:nTsEIuIHe
WALL COMPLICATED FLOOR

± / ':

. In the
"

constant dump
"

case
,

extensive theory of limit shapes due

to Kenyon - Okounkov
.

. When the number of "

dumps
"

grows
with N

,
limit shape theory is

undergoing active development
.
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. The kth line threads exactly K beads
.

i Beads
on

consecutive threads interlace
.

Deterministic .

=
= I

Random i. 1<=3=
1<=2

=K=
.



.pl#I..¥÷¥E÷÷
t Magnify by

VTV
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' Okounkov - Reshetikhin : The random vector

HI. "'bI¥

converges weakly to the ordered list

( ×
, , . . . ,

Xx )

of eigen values of Xk
,

a random matrix drawn from the standard

Gaussian measure on kxk Hermit ; an
matrices

.

' The joint density of eigenvalues is e÷£.

!I ( xi - x ;D

. Okounkov - Reshetikhin do not discuss centering and scaling .
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. Gorin - Panora Novak : (bid
" '

, ...

.BY
' ) ⇒ ( x. , . . ,x . )

,
where

fm =Y¥- ( q⇒r A
:* "

N N WALL

[ ±

FLOOR

v

✓%4I

and 4,42 are the first two moments ofv
.

' Remark : 4, and 42-4,2 are
the

mean and variance of v
,

while

£ and ÷z
are the mean and variance of U[ Oil ]

.

' Rest of the lecture : proof of this result
.
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' For each HKHV
, replace the random rector ( bid

"

, . ...

biii
' ) with

the random Hermitian matrix

Bl
" '

- U
,.["

"

"
.

pw
,

) Ui
'

,

U . Haar unitary .

' Method
: asymptotic analysis of the Laplace transform

A H HIETRABYY
,

' Goal : as N→w
,

#Le¥TrABd"

] -

e

. TRA+ . HA ' +04 )
.
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. View At > E[eTrAB*T
as a mapping

{ kxk semi simple matrices } → { complex numbers }
.

. By the Spectral Theorem
,

Eternity
,

,?y
.

.la?lbw#a.....biitk.ywetrtiaKMb
"

:b "Hu

' This is an analytic function Hla
, , . ,a ,

) :=#[eTrABi" Y of

K complex variables
.
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' For each domains
"
? we have hierarchy of Nanalytic

functions" bi"
BY'

Deterministic . . . ' ' ' ' µ"( a , , . . ,aw )
" 1 , 1 ,ie. . . . . Ld"( a , , . . . ,ak)

Random
. . . . :

.* LIV
'
( a , .az )

= 4"Ya÷
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' Top function
: Laplace transform of

a pure
orbital measure

,

Hla
... .at/etrl%aduf.:vYu :IU

.

UIN )

' Lower functions
: non .

trivial mixtures of orbital measures
.

by" bi"
BY'

Deterministic . . . . ' ' ' µ"( a , , . . ,aw )
" 1 , 1 ,i. µ"

( a , , . . . ,ak)
Random

.⇒= LIV
'
( a , .az )

= LYYA , )=
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' key realization : Top function determines all those below it
,

[Mca
. ... ,a " ) - (

t.TT/iK4iYa......a...Q....o)
Deterministic . . . ' ' ' ' µ"( a , , . . ,aw )

" I , ' ,ie. . . . . Ld"( a , , . . . ,ak)
Random

.§=[ '
( a , .az )

= 4

"Ya÷
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. FACT I : Rational irreps of GL (N) are

parameterized

by

N - point particle configurations { b
,

>
. . .

> bn } a

Z' FACT 2 : Kirill or character formula
:

Xlbirsbnl ( eat
, , , ,

,ea
")

Xcb " .mu
, , , , ,

=

,

.li?naeiaEya;j/eTrKianNhibDUju
N)

' FACT 3 : Branching rule :

Xlb ' " im
Cea

, , ,
,ea* ;D = [ XK ' " " " '

( eat
, , ,

,ea " it
.

( G , . . . .cm ,
) h ( b

, , . . . ,
bn )
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. Key identity :

Lima
. " .a . I =

HIT
eaiain )

"

Yue
" la "%oH""

impala
,

N )

. Reduces problem to "

just analysis :

"

uf
,

,q÷Tr[
"

ako :o) Uµ
"

!byn|Uiµ ?_
e

. ( at . . . tai . ) + . Haiti .
ta :) toll

. This amounts to the asymptotic analysis of
a ubiquitous special

function
:

the Harish
. Chandra ttzykson + Zuber integral

.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. HCIZ integral : the function Exe "×E→E defined by

( z ;a , ... ,a . ;
b

, " ,

,bµ ) tufnttrthian
]U(b "

:b . ]Uhe

' Harish
- Chandra : generalizes the Schur polynomials

. Itzykson - Zuber : study of the normal 2- matrix model

with AB - interaction
:

- coupling

Pµ(dA,dB)=z÷ETMAHHBHZAB )a*⇒
constant



TWO - COMPONENT COULOMB GAS : EH

potential ✓ potential W

it
H(z;a " . .

, an ;b " . . ,bn)=[V( a ;) - [

loglai
-

ati ifj+[W(
b;) - [ loglbi .bitI itj

+10g
.

.fi#KiawHKibnMhu
,
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' Itzykson - Zuber Conjecture ( 1980) : Let

ai " bi "

ai " ai " and bi " bi "

ai " ai " as " bi "
bi

"
BY

'

: : : i.

be two triangular arrays
of complex numbers such that the limits

On - tia
.

'xpm(aj¥ . '¥I't and 4m - tia
.

,÷pmH¥.'¥¥
-

Newton powerexist for all me IN
.

Then
,

Ie > 0 such that sums

ntloguf,g⇒rK"
ianmlulbi

"

:b :Duhu

converges uniformly on compact subsets of { zed : lzke }
.
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. Lots of attempts to solve this problem by hard analysis
.

' The HCIZ integral has
a natural SWKSCN )

symmetry
' Maclaurin series can

be presented in the form

Mimms
10€ ,e2#t"

i

an ) Uµibnµhu
= §y IT §µGkp)p . la ... anlpplb , " ,

bn )
.

\
? ? ?



ADOLF HURWITZ

(2) First to "count surfaces "

:

m

11) Probably invented the

Exponential Formula :

W=eH @austr¥ ↳tTue¥eY

i
 /

(3) Invented the braid groups : #
Bln )=( G , . . . .vn/G.oi+,oi=9+,9oi+

, , go ;=o;o ;
 iflijl 'D



FACT : Every holomorphic function from a compact ,
connected Riemann surface

to the Riemann sphere is a branched covering .

4 .

9⇐e

complexions

k€€
2

€
z .

It
1 .

'D

If ft⇒
Riemann Sphere €

-

Typical : 1 l ) (2113114 ) .

Exceptional : ( l ) (2) ( 34 )



HURWITZ ENCODING

tojif.to#Ieoi?iIHo.I.IE!.i::G.o



FACT : Given a topological branched covering f :S → IP
'

,
there is a

Unique complex structure on S which makes f holomorphic .

( topology )
GEOMETRY = ( OMBINATORICS

{o¥¥IaItI±i¥i¥f=¥IIB.IE#llIttHiititiHt:D



THE HURWITZ PROBLEM : Hg(Qp)= ?

d.

-

Cai'€=÷¥÷profiled |f -

/

-#rsimple branch points=
PT . . . Tr

( p , 'T , . . .

,Tr
,

0 ) transitive
(

profile Riemann
.

Hurwitz :

r=2g
. ZHKHHB )

.



"'i¥#I¥.it#iEEEEEEH****IEI*EiE*x*IiEm**tE



"

di"*e#***.FI?EEEEEtE#.k*IEIITI*Hi*m*E



A FRAGMENT OF Sld )

4 3

2¥÷
.

÷" " ""

"¥!l



→

THE MONOTONE HURWITZ PROBLEM : HglQP )= ?

- Virtual history of
5 7 /

⇒4⇐i
fly;il[easingly snobbish

.

43-÷
-
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. By

S(N)xS(N
) symmetry

:logy .gg#EianHhibnlYh = [2÷t§,

Gkp ) plan . ,aDps(b " . ,b . ) .

D= l

' Goulden
, Guay - Paquet

,
Novak : For

any
KOHN

,

GKB ) - the "#'

Ntdtktlbgoq
As

,kjP
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' Itzykson - Zuber limit :

Ie >0 such that

iglogufnetrla

"

.ae#lb*ibidYu-.IIT&..HYtWEkesak

. Reminder
:

On - tia
.

'xpm(aj¥ . ,a¥'T and 4m - tia
.

,tpmH¥.

'¥e
Newton power sums
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' Back to tiling regime : much simpler
! ! ! We have

bi"

ai , ... ,a " and bi " bi "

* d bi "
bi

"

bn
:

such that I

limit
mating

.

'apm( III. . ' ,b¥t

~
: 41,42 ,

...
Reminder

:

WALL FLOOR

1 i.
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' Analytic degeneration : Ie > 0 such that

1.10¥
.

,eTrt"
" oil uµ

"

!wNhu
→ .§

,

ftp.da.a.p?.tD#tIdd.esub ,

uniformly on compact subsets of { ( z ; a " . ,
a ,<)tE×6 "

: lza ; ke }

. Combinatorial degeneration :

{ ,

t.IT#tTold.p)qs = ( d- D !
.

dth free cumulant of v

= an explicit polynomial in 4, " . . , 4.1 .



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

' Tuning the coupling constant z to z = N÷ yields N→x asymptotic

1oy{µq¥Trla"
a "oduµ"

"

ibiitudu
- ,€,N↳k÷ paca , " ,a . ) ,

uniformly on compact subsets of 1C !

. This gives us everything we need
,

and more :

log Ld
"

(AE . . ,a÷f~§yN
"

(Kat - ¥ ) pala " . .at

. keeping just the first two terms yields the CLT :

log ¥'

( auto ' " ' auto )=VF( 4,
- ftp.lan.sa.tt ( 4

,
-4,2 - ftp.la.in ) toll )

.

- END -


