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Lie algebras

Lie algebras

Definition
A Lie algebra g is a vector space together with a bilinear map
[,]] : 9 x g — g, called the Lie bracket, satisfying:
e alternativity : for all x € g, [x,x] =0,
@ the Jacobi identity: for all x,y,z € g,
[x,ly, 2]l + [z, [x, Y]] + [y, [z, x]] = 0.
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Lie algebras

Lie algebras

Definition
A Lie algebra g is a vector space together with a bilinear map
[,]] : 9 x g — g, called the Lie bracket, satisfying:

e alternativity : for all x € g, [x,x] =0,

@ the Jacobi identity: for all x,y,z € g,
[x, [y, 2]l + [z, [x, ¥]] + [y, [z, x]] = O.

Example

The special linear Lie algebra of order n, denoted A,_1 or sl,(C), is the

Lie algebra of n x n matrices with trace zero and with the Lie bracket
[X,Y] = XY — YX.
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Lie algebras

Representations

Definition

A representation (or module) of g is a vector space V together with a
linear map p : g — gl(V), such that

p([X, Y1) = p(X)p(Y) = p(Y)p(X).

By abuse of notation, V is often called a g-module and p(X)(v) is often
written X - v.
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Lie algebras

Representations

Definition

A representation (or module) of g is a vector space V together with a
linear map p : g — gl(V), such that

p([X, Y1) = p(X)p(Y) = p(Y)p(X).

By abuse of notation, V is often called a g-module and p(X)(v) is often
written X - v.

Examples

e trivial representation p : g — gl(V) such that p(X) =0 for all X € g,
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Lie algebras

Representations

Definition

A representation (or module) of g is a vector space V together with a
linear map p : g — gl(V), such that

p([X, Y1) = p(X)p(Y) = p(Y)p(X).

By abuse of notation, V is often called a g-module and p(X)(v) is often
written X - v.

Examples

e trivial representation p : g — gl(V) such that p(X) =0 for all X € g,

e adjoint representation ad : g — gl(g) such that ad(X)(Y) = [X, Y]
forall X,Y € g.
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Lie algebras

Semi-simple Lie algebras

Definition
Let g be a Lie algebra. A subspace hh C g is an ideal of g if

Vg eg,Vheh,[g he€h.
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Lie algebras

Semi-simple Lie algebras

Definition
Let g be a Lie algebra. A subspace hh C g is an ideal of g if

Vg € g,Vheb,[g h]€b.

Definition
A Lie algebra g is said to be simple if it is non-abelian (i.e. there exist
some x, y € g such that [x,y] # 0) and it does not have non-trivial ideals.

v
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Lie algebras

Semi-simple Lie algebras

Definition
Let g be a Lie algebra. A subspace hh C g is an ideal of g if

Vg € g,Vheb,[g h]€b.

Definition
A Lie algebra g is said to be simple if it is non-abelian (i.e. there exist
some x, y € g such that [x,y] # 0) and it does not have non-trivial ideals.

v

Definition
A Lie algebra g is said to be semi-simple if it is a direct sum of simple Lie
algebras.

Semi-simple Lie algebras can be described in terms of generators and
relations.
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Lie algebras

Infinite dimensional Lie algebras

Let g be a finite dimensional semi-simple Lie algebra.
It is possible to define and affine Kac-Moody Lie algebra § corresponding
to g as

d:=gC[t,t7!]® Cc,

where C[t, ] is the complex vector space of Laurent polynomials in the
indeterminate ¢, and Cc is §'s center (one-dimensional) which satisfies
[c,g] =0 forall g €g.
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Lie algebras

Infinite dimensional Lie algebras

Let g be a finite dimensional semi-simple Lie algebra.
It is possible to define and affine Kac-Moody Lie algebra § corresponding
to g as

d:=gC[t,t7!]® Cc,

where C[t, ] is the complex vector space of Laurent polynomials in the
indeterminate t, and Cc is §'s center (one-dimensional) which satisfies
[c,g] =0 forall g €g.

Kac-Moody Lie algebras can also be described in terms of generators and
relations.
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Weights

Let g be a finite dimensional semi-simple Lie algebra with a Cartan
subalgebra b (nilpotent subalgebra which is self-normalizing, i.e. if
VX € h,[X,Y] €bh,then Y € h).
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Weights

Let g be a finite dimensional semi-simple Lie algebra with a Cartan
subalgebra b (nilpotent subalgebra which is self-normalizing, i.e. if
VX € h,[X,Y] €bh,then Y € h).

Definition

Let V be a g-module and i be a linear functional on . The weight space
of V with weight pis V,,:={ve V:VHebh, H-v=pu(H)v} A
weight is a linear functional p such that V, is non-zero.

If V is a direct sum V = @# V,, of its weight spaces, then it is called a
weight module.

Jehanne Dousse (UniGE) Caracteres et partitions 6 octobre 2022 6 /40



Weights

Let g be a finite dimensional semi-simple Lie algebra with a Cartan
subalgebra b (nilpotent subalgebra which is self-normalizing, i.e. if
VX € h,[X,Y] €bh,then Y € h).

Definition

Let V be a g-module and i be a linear functional on . The weight space
of V with weight pis V,,:={ve V:VHebh, H-v=pu(H)v} A
weight is a linear functional p such that V, is non-zero.

If V is a direct sum V = @# V,, of its weight spaces, then it is called a
weight module.

The roots are weights for the adjoint representation.

A weight X is higher than another weight p if A — p can be written as a
sum of positive roots, and A is a highest weight if it is higher than any
other weight in V.
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© Character formulas
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Character formulas

Characters

Definition
Let L(A) = D,.cp- Vi be an irreducible highest weight module with
highest weight A\. The character chL()\) of V is defined as

chL(N) = ) dim(V,,)e",

HED*

. . . . / /
where e* is a formal exponential satisfying etet = el TH
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Character formulas

Characters

Definition
Let L(A) = D,.cp- Vi be an irreducible highest weight module with
highest weight A\. The character chL()\) of V is defined as

chL(N) = ) dim(V,,)e",

HED*

. . . . / /
where e* is a formal exponential satisfying etet = el TH

By definition of a highest weight,
e chL(M) = ) dim(V,)et
neb*

is a series with positive coefficients in Z[[e™ @, ... e~*]], where
Qg, . . ., a, are the simple roots.
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Character formulas
Theorem (Weyl-Kac character formula)
w(Ap)—p
ch(L(N)) = wew en(w)e Seng
[loca+ (1 — em)dimee

where W is the Weyl group of g, A" the set of positive roots of g, sgn(w)
the signature of w, p € b* the Weyl vector, and g, the a root space of g.
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Character formulas

Theorem (Weyl-Kac character formula)
Z engn(w)eW(A'i'p)_p
h(L )\ == g g )
C ( ( )) Ha€A+(1_ e—a)dlmga

where W is the Weyl group of g, A" the set of positive roots of g, sgn(w)
the signature of w, p € b* the Weyl vector, and g, the a root space of g.

Beautiful formula but does not exhibit the positivity of the coefficients.
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Character formulas

Character formulas

Theorem (Weyl-Kac character formula)

S wew sen(w)e+e)—r
Moo (1 — )

where W is the Weyl group of g, A" the set of positive roots of g, sgn(w)
the signature of w, p € b* the Weyl vector, and g, the a root space of g.

ch(L(\)) =

Beautiful formula but does not exhibit the positivity of the coefficients.

Principal specialisation (e~ +— q for all /) gives an infinite product.

Example: Agl) at level 3 (Lepowsky—Wilson)

e MMl (N + 20y) = LD 3mgy(3p) = LD
(9, 9% 9°)co (a%,0% ¢°)oo

where (a; q)n = [Ti—5(1 — ag*) and (a, b; @) = (a; @)n(b; q)n- )
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Character formulas

Digression: The Rogers—Ramanujan identities

Definition

A partition X\ of a positive integer n is a finite non-increasing sequence of
positive integers (A1, ..., Am) such that A\; + -+ + A\, = n. The integers
Al,...,Am are called the parts of the partition .

Example
There are 5 partitions of 4: 4,(3,1),(2,2),(2,1,1) and (1,1,1,1).
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Character formulas

Digression: The Rogers—Ramanujan identities
Definition
A partition )\ of a positive integer n is a finite non-increasing sequence of

positive integers (A1, ..., Am) such that Ay + - -+ + Ay, = n. The integers
Al,...,Am are called the parts of the partition .

Example

There are 5 partitions of 4: 4,(3,1),(2,2),(2,1,1) and (1,1,1,1).

o

@ The generating function for partitions into distinct parts congruent to

k mod N is
(20" ¢")o-
@ The generating function for partitions into parts congruent to k
mod N is
ot
(20%; qN)oo”
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Character formulas

Digression: The Rogers—Ramanujan identities
Definition
A partition \ of a positive integer n is a finite non-increasing sequence of

positive integers (A1, ..., Am) such that Ay + - - + Ay, = n. The integers
A1, ..., Am are called the parts of the partition .

Example
There are 5 partitions of 4: 4,(3,1),(2,2),(2,1,1) and (1,1,1,1).

Theorem (Rogers 1894, Rogers—Ramanujan 1919)

) P 1
nz_:o @@ (@ 6%)e(d% 6o’

For every positive integer n, the number of partitions of n such that the
difference between two consecutive parts is at least 2 is equal to the
number of partitions of n into parts congruent to 1 or 4 modulo 5.

v
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Character formulas

Representation theoretic interpretation

Lepowsky and Wilson 1984: representation theoretic interpretation

S i 1
(0 Do S = (4 @)
" ZZ:O (q:9)n T 4)oea% )

Obtained by giving two different formulations for the principal
specialisation

e Mi»gqg, e Mg
of e MoFt2Mch[(Ag 4 2A1), where L(Ag + 2A;) is an irreducible highest
weight A(ll)-module of level 3 with highest weight Ag + 2A1, and ag, a1 are
the simple roots.

RHS: principal specialisation of the Weyl-Kac character formula

LHS: comes from the construction of a basis of L(Ag + 2A1) using vertex
operators

v
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Character formulas

Representation theoretic interpretation

Lepowsky and Wilson 1984: representation theoretic interpretation

o 2

. g 1
Co 2 e, ~ T e s

LHS: comes from the construction of a basis of L(Ag + 2A1) using vertex
operators.

Very rough idea:

@ Start with a spanning set of L(Ag + 2A1): here, monomials of the
form Zlﬁ...Zsfs for s, f,...,fs € N>q.

@ Using Lie theory, reduce this spanning set: here, it allows one to
remove all monomials containing ZJ-2 or ZjZj 1.

@ Show that the obtained set is a basis of the representation (difficult).
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Character formulas

Partition identities and characters

With Lepowsky and Wilson’s approach (vertex operators +

Weyl-Kac): discovery of many new partition identities yet unknown to
combinatorialists

@ Meurman—Primc 1987: higher levels of Agl)

o Capparelli 1993: level 3 standard modules of Ag2)

o Siladi¢ 2002: twisted level 1 modules of A$)

@ Nandi 2014: level 4 standard modules of Agz)

@ Primc and Siki¢ 2016: level k standard modules of C,Sl)

But often these identities are only conjectured, not proved, through this
method. On the other hand, if a combinatorial proof is found, it also
implies equality of characters.
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Character formulas

Back to characters

The character
e AchL(M) = ) dim(V,)e’
web*
is a series with positive coefficients in Z[[e 0, ..., e %]
Combinatorics can help finding explicit expressions of that shape:
@ Andrews—Schilling—Warnaar 1999
o Bartlett—-Warnaar 2015

o Crystal bases (KMN2 1992, Primc 1998, D.-Konan 2021)
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Crystals and grounded partitions

Crystals: “combinatorial representations” of Lie algebras
Crystal for the vector representation of the affine Lie algebra A( )

v e

If by —— by, we write f:b; = by, or equivalently by = &by.
Let i(b) (resp. €j(b)) denote the length of the maximal chain of i-arrows
coming out of (resp. arriving in) b.

The dual of B:

R

We have fiby = b, in B if and only if &bY = by.
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Crystals and grounded partitions

Crystals: “combinatorial representations” of Lie algebras

If By is a crystal for the representation M; and By is a crystal for the
representation M,, then we can define a crystal B; ® By with the following

arrows:
i if o; > o
(b1 ® bp) = €ibs (82 by 1 i(b1) = €i(b2),
bl & eib2 if gO,(bl) < 5i(b2),
7 fbi@ by, i i(br) > £i(b),
Flby@ by) = { P10 P2 ] pi(b1) > ei(b2)
by @ fiby if @i(b1) < ei(b2),

and B; ® By is a crystal for M; @ M.
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Crystals and grounded partitions

Example: A(ll) at level 1

Fbr o by) = 4 01 b2 i 0i(br) > <i(ba),
i\P1 2 b]_ & ﬁbz if (p,(bl) < 5i(b2),

oV

[0]—-[]
Y
BeB': [0ei]—-[1]=[1]

0 1

[0]@[0]«—[1]®[0]
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Crystals and grounded partitions

Energy functions

Definition
An energy function on B® B is a map H : B® B — Z satisfying for all i,

H(by ® by) if 0,

H (&(b1 ® bp)) =< H(by ® bp) +1 if i =0 and po(b1) > eo(b2)
H(b ® bp) — 1 if =0 and @o(b1) < eo(b2).

o

By definition, the value of H(b; ® by) determines the values H(b] ® b)) of
all the vertices b ® by which are in the same connected component as

b1 ® bo.
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The (KMN)? crystal base character formula (1992)

To each dominant weight A, one can associate a ground state path

= (8)io = Q1R & - gD g,

where g; € B for all i.

A tensor product p = (pk)32o =+ ® Pk+1 @ Pk ® -+ ® p1 ® po of
elements px € B is said to be a A-path if py = g for k large enough. Let
P(A) denote the set of \-paths .

Theorem (Kang—Kashiwara—Misra—Miwa—Nakashima—Nakayashiki)
Let L(\) be an irreducible highest weight module of weight . We have

(L) = Y e,

peP(N)

where wtp is defined in terms of the energy function and the simple roots.
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Crystals and grounded partitions

Example: Primc’s identity on A;” at level 1

B: [0]——[1]
\\O_/
BeBY: [0oi]——[1]®[1]

0 1

[0]»[0]«5—[]=[0]
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Crystals and grounded partitions

Example: Primc’s identity on A(ll) at level 1

B: [0]——[1]
\\O,/

BeB': [0]oi]—-[1]=[1]

0 1

00— D0

0®1+— a,
0®0<+— b,
1®1+—c,
1®0++—d.
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Crystals and grounded partitions

Primc's identity
Let P be the energy function in (B® BY) ® (B ® BY) for A(ll).
Partitions in four colours a, b, ¢, d, with the order

1, <1, <1e<1g<2,<2, <2:<2g<ven

and difference conditions

a b ¢ d

a/f2 1 2 2

b1 0 1 1
P_c 01 0 2
d\0 1 0 2

Primc (1998) conjectured that after performing the dilations
ky — 2k — 1, ky — 2k, ke — 2k, kg — 2k 4+ 1,

the generating function for these partitions (not keeping track of the

colours) becomes —1
(S
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Crystals and grounded partitions

Refinement of Primc's identity

Theorem (D.—Lovejoy 2017)

Let P(n; k, ¢, m) denote the number of partitions satisfying the difference
conditions of matrix P, with k parts coloured a, ¢ parts coloured c and m
parts coloured d. Then

> P(nik £,m)q"akctd™ = (229 4°)oo(=dG: T*)oc.
Wy o (a0 9)oo(cq: 420

Proved via a variant of the method of weighted words (D. 2016) using
g-difference equations, not at all related to crystals.
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Crystals and grounded partitions

Another identity of Primc
Studying crystal bases of Agl), Primc proved that, after performing certain
dilations (corresponding to the principal specialisation), the generating

function for coloured partitions satisfying the difference conditions

aby axb1 aiby agby axby aiby agbhy aiby agho
a» by 2 2 2 1 2 2 2 2 2
ar by 1 2 1 1 2 1 2 2 2
a1 bg 1 1 2 1 1 2 2 2 2
agbg 1 1 1 0 1 1 1 1 1
ar by 0 0 1 1 0 1 1 2 2
a1 b 0 1 0 1 1 0 2 1 2
agby 0 1 0 1 1 0 2 1 2
a1 by 0 0 1 1 0 1 1 2 2
agbo 0 0 0 1 0 0 1 1 2
becomes
1
(9: 9)o
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Crystals and grounded partitions

The starting point of our work

We wanted to generalise (purely combinatorially) Primc's two identities to
obtain an infinite family of partition identities with n® colours.
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Crystals and grounded partitions

The starting point of our work
We wanted to generalise (purely combinatorially) Primc's two identities to
obtain an infinite family of partition identities with n® colours.

Let (an)nen and (bn)nen be two sequences of symbols. We use them to
define the set of colours: {a;by : i, k € N}.

Definition

For all i, k,i’, k" € N, we define the minimal difference A between a part
coloured a;by and a part coloured a; by in the following way:

Aaibi,apb) = x(i > ") = x(i=k=1)+ x(k < K') = x(k=1"=K'),

where x(prop) equals 1 if prop is true and 0 otherwise.

For every positive integer n, let P, denote the set of partitions with
colours {ajby : 0 < i,k < n— 1}, satisfying the difference conditions A.
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Crystals and grounded partitions

Generalisation of Primc's identity

Set for all i, a; = bfl.

Let P,(m; up,...,Un_1;V0,- .., Va_1) denote the number of n?-coloured of
m which belong to P, where for i € {0,...,n— 1}, the symbol a; (resp.
b;) appears u; (resp. v;) times in its colour sequence.

Theorem (D.—Konan (2019))

For every positive integer n, we have

. . m p.vo— U Vie1—Up—1
g Pn(m; ug, ..., Un—1; Vo, .-y Va1)q by~ - b

n—1
m,Ug,...,Up—1,40--,Vn—1>0

n—1
= [ ] (=57"xa; @)oo (—bix 7" @)oo
i=0
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Crystals and grounded partitions

Principal specialisation

In his paper, Primc used the principal specialisation:

qg = q"
bj + q forallic{0,...,n—1}.

Corollary (D.—Konan (2019))

Let n be a positive integer. By doing the dilations above, the generating
function for the coloured partitions in P, becomes:
n—1 ) )
O (=" "% 4Moo(—a'x 71 600 = [x°)(—%; @)oo (=X @)oo
i=0

1
(q; q)oo ‘

The cases n =2 and n = 3 recover Primc's original results.
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Crystals and grounded partitions

Connection with energy functions

The difference conditions for Primc’s identities were energy functions for

crystals of Agl) and Agl), respectively. Are our generalised difference

conditions also energy functions?

Jehanne Dousse (UniGE) Caracteres et partitions 6 octobre 2022 25/40



Crystals and grounded partitions

Connection with energy functions

The difference conditions for Primc’s identities were energy functions for

crystals of Agl) and Agl), respectively. Are our generalised difference
conditions also energy functions?

Theorem (D.-Konan 2019)
Let n be a positive integer, and let B = {v;:i € {0,--- ,n—1}} denote
the crystal of the vector representation of Af,l_)l. The crystal B = B® BY

is a perfect crystal of level 1 whose energy function such that
H((vo ® vy) ® (vo ® vy )) = 0 satisfies for all k,¢, k', ¢’ € {0,...,n— 1},

H((ver ® via) ® (ve ® v()) = Alarby; aw ber),

where A is our generalised difference condition.
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Crystals and grounded partitions

Back to character formulas

Reminder: (KMN)? character formula
Let L(A) be an irreducible highest weight module of weight A. We have
ch(L(N) = D €™,
peP(N)

where P()) is the set of A-paths.
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Crystals and grounded partitions

Back to character formulas

Reminder: (KMN)? character formula

Let L(A) be an irreducible highest weight module of weight A. We have

ch(L(N) = D €™,

peP(N)

where P()) is the set of A-paths.

In Agl_)l, the fundamental weights are Ag, ..., Ap_1. With respect to the
crystal B ® BY, they all have constant ground state paths.
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Crystals and grounded partitions

Back to character formulas

Reminder: (KMN)? character formula

Let L(A) be an irreducible highest weight module of weight A. We have

ch(L(N) = D €™,

peP(N)

where P()) is the set of A-paths.

In Agl_)l, the fundamental weights are Ag, ..., Ap_1. With respect to the

crystal B ® BY, they all have constant ground state paths.

Goal: relate A-paths to coloured partitions to translate our partition
identities into character formulas for Af,l_)l.
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Grounded partitions

Definition
Let C be a set of colours and ¢ € C. Let > be a binary relation defined
on the coloured integers Z¢ = {kc : k € Z,c € C}.
A grounded partition with ground ¢, and relation - is a finite sequence
(7o, ..., ms) of coloured integers, such that

o forall i € {0,...,s — 1}, m = w11,

® s = ch,

@ o1 F# ch-
Let PC: denote the set of such partitions.

Example

Let C =c1,,c3, and for all k € Z,c,c’ € C, ke = k., & k=K + 1.
The sequence (4¢;,3c;,2c,, 1y, 0c, ) is @ grounded partition with ground ¢;
and relation >. )
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Crystals and grounded partitions

Connection with ground state paths

Let B a perfect crystal and A\ be a highest weight such that the
corresponding ground state path is constant p) =--- g R g g. Let H
be an energy function on B ® B such that H(g ® g) = 0. Let

Cp = {cp: b € B} be the set of colours indexed by the vertices of B. We
define the binary relations > and > on Z¢, by

ke, > k., if and only if k — k' = H(b' @ b),
ke, > k., if and only if k — k' > H(b @ b).

/
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Crystals and grounded partitions

Connection with ground state paths

Let B a perfect crystal and A\ be a highest weight such that the
corresponding ground state path is constant p = - RgRgR g. Let H
be an energy function on B ® B such that H(g ® g) = 0. Let

Cs = {cp: b € B} be the set of colours indexed by the vertices of B. We
define the binary relations > and > on Z¢, by

if and only if k — k' = H(b' ® b),
if and only if k — k' > H(b' ® b).

key > ke,

kcb > k::b/
Theorem (D.—Konan 2019)
The set of \-paths is in bijection with the set of grounded partitions 73; :

v

Theorem (D.—Konan 2019)

There is a bijection between PZ and 73c'>g X P, , where P, is the set of
coloured partitions where all parts have colour c,.

v
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Crystals and grounded partitions

New combinatorial character formula

Theorem (D.-Konan 2019)

Let L(\) be an irreducible highest weight module of weight A with
constant ground state path. Denoting by C(7) the colour sequence of
and setting q = e %/% and ¢, = e"*® for all b € B, we have

> Clm)g™ = e (L),

7T€'Pc'>g
ol — € (L)
ﬂgg; C( )q (q; q)oo '
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Crystals and grounded partitions

Non-specialised character formula for Agl,)l

Combining our new character formula with our generalisation of Primc's
identity, we obtain:

Theorem (D.—Konan 2019)

Let n be a positive integer, and let N, ..., N,_1 be the fundamental
weights ofAf,l_)l. By setting e"*i = b; and e=% = q, we have:

e Meh(L(A) _ 1o (f

1

jam

Il
5 ©

_b'_lx; 1SS _biX_1 74 ) oo
(@ 9w , (=b; " x; q)oo( q:q)
—1
x | [(=bi'xq; @)oo (—bix; q)oo)-
=0

v

This allows us to recover a character formula of Kac—Peterson (1984) and

a new expression as a sum of infinite products with obviously positive
coefficients.
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Crystals and grounded partitions

Non-specialised character formula for Agl,)l

Combining our new character formula with our generalisation of Primc's
identity, we obtain:

Theorem (D.-Konan 2019)

Let Ao, ..., Ap_y be the fundamental weights of A . For all
¢e{0,...,n—1}, we have

“*1 e—i(i+1)d. o :(i+1)6) =il
e eh(L(A) = (H e e 0) Oo) > e[ et
! n,

i=1 ceoyfn—1 i=1
ro=r,=0
0<r<j—1
% <_e<ir,»+1 (i+1)ri— L5 —ox(i>1>0))5+ ) 1jaj.e—f<f+1>6)
oo

x (_e(<"+1)rf—fn+1—@Hx(fzbo»é—zj:ljaj. e_,-(,-+1)5>

oo
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Outline

@ Multi-grounded partitions
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Multi-grounded partitions

Goal: extend the idea of grounded partitions to treat the cases of crystals
where the ground state paths are not constant.
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Multi-grounded partitions

Multi-grounded partitions

Goal: extend the idea of grounded partitions to treat the cases of crystals
where the ground state paths are not constant.

Definition
Let C be a set of colors and > a binary relation defined on Z¢. Suppose
that there exist some colors cgy,...,cg_, in C and unique coloured
integers u£20), e ugt__ll) such that

u(o) db o ool u(t_l) =0,

0 1 t—1 0

uggo) - uggl) e uggt_ 1) — uggo).
Then a multi-grounded partition with ground cgy, ..., cg_, and relation >~
is a finite sequence m = (m, - -+ , Ts—1, UEZO), el ugt__ll)) of coloured
integers such that 7; > 7y for all /, and
(Ts—ty -+ yTs—1) # (uggg, el ugt__ll)) in terms of coloured integers.
The set of these multi-grounded partitions is denoted by P2~

Ceo ety
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Multi-grounded partitions

Example
Take C = {a, o, c3},

2 22
M=|0 0 2},
2.0 2

and define the relation > on Z¢ by k¢, > k.

b

if and only if k — k' > Mp .

If we choose (go,&1) = (1,3), the pair (u(o), u®) = (1,-1) is the unique

pair satisfying the conditions

FOBCIY
u® D O

The sequences (3¢;,3¢,, 3¢5 —1es, 1y —1c) and

(1e,3¢, 16,36, — 16, 1ey, —1¢;) are multi-grounded partitions with
ground ¢y, ¢c3 and relation >,

(1g,—1g,1q, —1g) and (2, 1, —1c;) are not.
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Multi-grounded partitions

Non-constant ground state paths
Let B be a crystal of level ¢, let A be a dominant weight, and let
= (80 = 081 VE® R gL ® Lo

be the corresponding ground state path. It is always periodic. Let t denote

the period of p), i.e. the smallest positive integer k such that gi1x = g;
for all i > 0.
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Multi-grounded partitions

Non-constant ground state paths
Let B be a crystal of level ¢, let A be a dominant weight, and let

= (8)io = Q&1 HO - QgD g

be the corresponding ground state path. It is always periodic. Let t denote

the period of p), i.e. the smallest positive integer k such that gi1x = g;
for all i > 0.

Let H be an energy function on B ® B, and define

t—1

1
Ha(b® b) = H(b® b)) = T > Hlgis1 @ g).
k=0
Thus we have
t—1
Hx(gk+1 ® gk) = 0.
k=0
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Multi-grounded partitions

Non-constant ground state paths
Let B be a crystal of level ¢, let A be a dominant weight, and let

= (8)io = Q&1 HO - QgD g

be the corresponding ground state path. It is always periodic. Let t denote
the period of p), i.e. the smallest positive integer k such that gi1x = g;
for all i > 0.

Let H be an energy function on B ® B, and define

t—1

1
Ha(b® b) = H(b® b)) = T > Hlgis1 @ g).
k=0
Thus we have
t—1
Hx(gk+1 ® gk) = 0.
k=0

Let D be a positive integer such that DH\(B ® B) C Z and
13 io(k + 1)DHx(gks1 © gk) € Z.
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Non-constant ground state paths

Let us define the relations on Z¢,:
ke, > K., <= k — k' = DHy(b @ b),
ke, > k., <= k — k' > DH\(b' @ b).

Theorem (D.—Konan 2021)

There is a bijection between the set of A-paths P(\) and the set
t;DCZo”'Cgf_l of multi-grounded partitions OfPCiro"'Cgt_l whose number of

parts is divisible by t.

Theorem (D.—Konan 2021)

Let 9P be the set of partitions where all parts are divisible by d. There is
a bijection between ;P2 . x 9P and ¢P> _ , where IP>
£0 8t—1 80 8t—1 £0

-
is the set of ™ € tPfZO,,.cgt_l such that for all k,

Tk — Tk+1 — DHA(Pk+1 ® pk) € dZ>o, where c(my) = ¢p, and s = uggg.

v
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Multi-grounded partitions

A general character formula

Theorem (D.—Konan 2021)
Let L(X\) be an irreducible highest weight module of weight \ with
constant-ground-state-path. Setting q = e 9/(%D) and ¢, = ™ for all

b € B, we have cg, - -- ¢4, = 1, and the character of the irreducible
highest weight module L()) is given by the following expressions:

Y. Cmqm =eeh(L(N),

I~LE):'P:.:>

80" Bt—1
R e )
o (9% a%)oc
t Cgo"'Cgt_l

Jehanne Dousse (UniGE) Caracteres et partitions 6 octobre 2022 35/40



Multi-grounded partitions

Example: character of Ag in Agi)fl(n > 3)
2, ... =2 ALy

B: n
7= Szin=1s—1 [

Ground state path: pp, = ®121®101®1,
2 n n 2 1
1 1
21 0 ;
S 1 :
H=" :
n :
: 0* :
210 o0 R
I\-1 0 0 1

Jehanne Dousse (UniGE)
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Multi-grounded partitions

Example: character of Ag in Ag,)_l(n > 3)
We have H(1® 1)+ H(1® 1) =0, so Hy, = H.
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. 2
Example: character of Ag in Agn)fl(n > 3)
We have H(1® 1)+ H(1® 1) =0, so Hy, = H.
We apply our character formula with d = 2 and D = 2 and obtain

T (g = & (L)

2. 2 ?
e3P, (6% 9?0

where g = e79/2 and ¢, = e"*? for all b € B.
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(2
Example: character of Ag in Agn)fl( > 3)
We have H(1® 1)+ H(1®1) =0, so Hy, = H.

We apply our character formula with d = 2 and D = 2 and obtain

)

e Mch(L(A
> el = )

e %Pc?cl

where g = e9/2 and ¢, = e"'? for all b € B.

Thus we must compute the generating function for %P??Cl, the set of
multi-grounded partitions 7 = (7o, . .., m2s-1, —l¢;, 1) with relation >
and ground cg, ¢1, having an even number of parts, such that for all

ke{o,...,2s —1},
T — Tht1 — 2H(pr41 @ pi) € 2Z>0,

where c(mx) = ¢p, and ms = — 1.
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Multi-grounded partitions

Example: character of Ag in Agi)fl(n > 3)

i 2 -« n A ... 2 1
1 1 1
2 0 :
: 1*
H="n
n
: 0*
210 o
1 \-1 o0 0o 1

By the values of H, the condition

Tk — The1 — 2H(pr41 ® pi) € 2Z>,
and the fact that u(®) = —1, the
multi-grounded partitions of 3Pz,
have parts with odd sizes.
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Example: character of Ag in Agi)fl(n > 3)

1 2 n n 2 1

1 /1 e e e By the values of H, the condition
20 . Tk — Tk+1 — 2H(Pk+1 & Pk) S 2220,
N v f and the fact that u(® = —1, the
_n : . . 2
= S : multi-grounded partitions of 27DC>T>C1
N 0* : have parts with odd sizes.
210 o KPR
1 \-1 o0 Coe 0 1

The relation > corresponds to the following partial order on the set of
coloured odd integers:

(-1)

le
T K3, <K .
1,

T <<1C2 <<"'<<1c,,<<]-cﬁ<<"'<<1c5<< 3
C1
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Example: character of Ag in Ag?ﬁl(n > 3)

2 n h 2 1 -

1 1 e By the values of H, the condition

210 : Tk — The1 — 2H(pr41 ® pi) € 2Z>,

S I ! : and the fact that u(®) = —1, the
H=" : . e 2

5 o : multi-grounded partitions of 372

N 0* : have parts with odd sizes.

210 o P

I \-1 0 .- - 0 1

The relation > corresponds to the following partial order on the set of
coloured odd integers:

—1)e 1o
(1)C1 Kl € K1, Kl € K1 < 3C1 K36, L0
C1 C1

Only parts coloured ¢; and ¢ can appear several times, in sequences of
the form

T (k= 1) € (2k+ 1) < 2k — 1) € < (2k— 1) < oo
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Example: character of Ag in A (n>3)

2n—1
(Ve Kl <<l €l << 1 la o3
1C1 & & & c§<< 351 L3, K00,

where parts coloured ¢; and ¢g can repeat in sequences

L (k1) <2k 1) K2k -1 K K k1) K

For fixed k > 1, sequences of parts coloured c; and ¢ are generated by
(1 4 quzkfl)(l + C1q2k+1)
I-qad®
For k = 0, the sequence (1, (—1)¢;, 1¢) can occur at the end of the
partitions grounded in cf, c1, but ((—1)c, ¢, (—1)g Le,) cannot.

So, if we temporarily forgot the condition on the even number of parts in
%PC?CI, the generation function would be

3 . a2
(_Clq y —¢1q, —€24, —C4q,...,—Cnhq, —Crq; q )OO
(cre1q* %)
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Example: character of Ag in Agi)fl(n > 3)

Observation

D ankx q"+ D ank(—x)*q" =2 ) an2*q”

n,k>0 n,k>0 n,k>0
Thus, the generating function for multi-grounded partitions in %Pc?q is
Z C(7T)q|7T| = S S (—c19, —€1G; - - - . —CnG, —CAG; §°)oo
2(craq*; 4%)oo Lot

S %P?;cl

+ (C1q7 ¢1q,---,Cnq, Caq,; q2)oo>

_ e~Meh(L(Ao)

(0% 9%
where § = ag + a1 +2an - +2ap—1 + @,
g=e92 and ¢ =¥t tan1tan/2 for ol i€ {1,...,n}.
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Multi-grounded partitions

Thank you very much!
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