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Basic definidions
Def) A=CA, - M) is a partition st M if
A7 >/>\k>0, AT FA=N.
length of A = L) =k = # parts

The Young dingram of N is A= 5,82,
<
A standard Youwy tableau of* shape Ais . 2 617
S
A semistandard Young tableau 5 ‘ lf <
(_Column—s:i-l/id hbleau) A\ :_? 3
A  Yow-strict Jablean y 7 _.,_<
A\ [(1T12)4
2




Connection with representation theory

’ G o Snite qvoup ﬁ dim GI:'l" = lGH
wm dimV; C&a: re wlar resentation of &
Cg =0V, s ! : b , i
=1 V. . Trreducible represeradions of &

o é‘-= Sn ' the Symmeﬁ-ﬁc qroup of ovder m
CH\* qvoup of bijed-'rtms on h,Q,--.,’Yﬁ)
Fact - The Trr. veps of Sa are Vs, AFN.
dimVx= §A = # SYTs of shape X\

. | = Y
SRR



| = AN
meE

= F# {(P,&) P,Q are SYTs of ¢ize M }
sh (P)=sh(®)

&) m=3. = n'=6
(p.&) = (123,423),



R obinson — Schens’f?a/ 0/901'775/707
T : permutatin of [MI=14.2,....m}.

I 1-1

CP.Q) - pair of SYTt of size m amd o some shape

RS P Q
&) T= 415632 < 126 134
3S L5
4 é

¥ inserton algorithm
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Congequences of RS olgstithm

e If T (PE), them T < (aP).

Do RS GE s SYn o aze . OB

=id)

o = (26)(34)

1
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1 A 3 & § (
16 4 3 §$2

Thvolution <— matching



SYTs with bounded h.bighi‘.

Def) SYT, = Set of SYTs of she n. H=3{516 7
SYTw(R = §TESYT : M(D<hY >
= # hows.

. [T D= ()
[SYTw (D]= % Motzkin paths of length n.
(YT (D= Crog  Crmiy, Co= g (3) = 4 Catalan

numbey

Thm (Gesse|. (990)
iy h
> ISYT‘,,, (zh-H), = o (x) def (I_“), (m)—f‘;.fj (29())‘.')2,

n2o

«
I“['zx)z S x‘2l+| | (MeodiGed Bessel "Funcﬁoa)l

120 L!(L+11)/



Prperties of RS — algorithm

O ©&ha), ten w &S @ P,
(@ wox length of decreasing subsequence of T = ht ( P).

©) Ve mcreas;n; ., = width (P)
RS P Q
ex) T= 4156327 <> 1267 1347
3 L5
max dec 432 4 é

max tnc 4 567F



Concequences of RS olgstithm

TC: involutions of [m] <—RL9 SYT: of o2e m. CP.P)
(T*=id) '

Tnvolufiens of [n] HRS SYTs of size m
With mo k- mesting with height < 2k
(7NN ep doc ceq oF

e lengn 2k



r-nencrossing and s - nonhesting jnvolutions

Pef) An involudion T is - noncressing if T hao mo @

Y

e S —nonnestr’ng /r @

“—~
NCNN, (rS) < set of r-nonciossing and s-pownesting =
involutians of [m]

Thm (Chen, Peng, Du, Stanley, Yan . 2007)

# NCNN, (r.8) = #NCNN, (s.F).

In ?mﬂcu!av/
3 p—noncmssinﬁ inveluans of [n)

= # R-hon nesﬁ’ng 7



# SYTs of size M with height <zktd

S
* # ( k+1)—nonnes+foy inwlufims of [n]

cpDSY
= # (ktd)- nencrossing /

2kt
By +aking tramspose, ok (E—F}J e |
% SYTs of size M with height <2k

= % SYTs of si?e N with width <2kt

Question

g F* SYTs of fize m with height < 2h+1 owd  width <20+
= # (ht1)-noanesHing omd (wt1)-nencrossing Thvoluttons
of Cnd




Def)  (h,w)—cylindric SSYT is an SSYT T Such that

@ height of T<h

® ] T s an YT of a vaid sew shap.
<\
L
1135 /1 111 |
21214 3 (2 11212
/%{3 3|4 4‘§
1111315 1111315
21214 21214 rl
3 314 :
(33)-ylindiic net (3,2)~¢ylindic Mot

(3,1) -l



let CSYTw(h,w) = { (hw)-cylindrc SYTs of size m}

Thim ( Huh, Kim. Kiatienthaler, Okada,)
#CQ(T‘«.('LM-!/Q.«)H) = % NCWN, ( hl ,wtl)

Tdea of Prost
@ Express each side as # lathice walks
@ Express ¥ loflice walks usirg determinonts

® Pore det = det

Open Problem . Fnd & bijec:l-ive procfs.



% Latfic walks for CSYTw (2ht]| 2wt

CSYT 1(2[3] «— ¢ -0-—-0O —00O -{J - ‘.

2
7S

¢ (0108 — (10,0) = (2(0,6)— (3.,8/0) — (3.1.0) —(3,2,0)
o walk Tn He regien 6(9(,,1;,’1;): 9t¢>/'>h>r?l;>/o)'
with step sef £ =(10.9), €,=(0,1.:0), &y= (2,%1).
Under this cerrespondence
CSYT, (2htl, we|) &— walks Pom O of length m In

{(9(.,«-,1%) s N2 Z Zap20,
IS WESTL T

= { (o) 2 X 7 Xap 7 T 20
& alesve of olfme Weyl growp of type Az



Def) A vacillating fableau i o Sequenca of partitiong
b= A XV=¢  swn tha

xn omd NH)  differ by of most one cell.

® ¢-0O - -O0-Qg-g-gF-—-0o-4

P Tnvolutions en [n] < 14) vacilld-frg tableaux
of length m

NCNN,, (h+1, w+d) BN v
with every padition

Coatained in ﬂ}j




vaci "d‘ff? tableaux

NCNN, (i +1, wtd) Pl of length m

= :L"Lﬁﬁ?:” JIN
> latfice walks fom 0 1o O of length m
M rejicm {(9&,...,9(..): w>,9l.42--‘7/‘xhzo\r
with step et JeeFulo} ]

Meove of
ﬂ@im Wey/ 9;@0{ of- '('S/,DE ’C‘;




wl
tlaseton (198%) compded H# laMie walks in alcove of atfi
Applying Flasefos resut, we gef sEsdkaud

\CQYT“(hm\_ = (Mw( | )h

A k-t kp=
A A < ' h=° Sk

OW\A ASW k- kn€Z (’\‘ ty + (wth) R iy =/
> "
070 [NCNNM (hﬂ/wﬂ)[ fx_v,l_'_

exp(x) det [T ..
’z éeZ ( -4t (N\-twﬂ-)k.- (3x) - I‘- A+ (htrmta)ke ( 21)‘)h
i.J':.'
where I (= = Ltk
(Moditred Bessel Ftn)

dzo LI(L+K)/



So, to prwe our theoem
\ CSYTn (20t ,lwfb\ = INCNN,.U"H,“"H)l

it suffiw + prwve
h

> = ° dﬁ( )
A A-AnSw  kitoth,=o @, ~(+J+(w{-h)k =
k kh€Z

i h
oqtx) 2 L ézd*’— (1. i 4 ey P ™ it ek, ‘”’);,jz.

We will show o symmetric function generalization of this



A symmetic functien 15 & symmetvic polynemial du
M-Ffui"’oh’ many vaviables X, X2, As .. . (M-Hn bounded degree),

Def) The kth elementary symmetiic Function is
ek= = Uiy Wi

|:|<'--<1R
eX) 61: 'x,+'x-;+':l3+---
02 Udat A, Ay +

Def) The kth complete homogencous Symmetvic function is
= = g ea

i
E,SSLk K
ex). h(=e;=Mtht- ..

h2= qla‘,(.r)(,:',‘—--- + A At Ag £ - - -



o &« pav{-il-ie'n >\=(A|,---,)n,), define
h,\: h,\, h,\q_"' h'{k
e)\': eo\le/\z"‘ ekk

e
x) l’)(4.3,0= he hs hy

;0= €168,

/\ = +the spa ot Symmet+i ¢ Functions (@,’a‘lﬁebm).
Fundamental Thm of Symmediic funcdiens

Iha % io A base f A
Seh} 7 A,




De-{i) Schur function Recall SSYT ———
#£45 #2s A LJJJ
S'A —— z '1‘ "X; i
TESSYT(A)
= 112 112] {3
ex) \=(2.1) i [ Ly 14 ¢ [R .
S’A = qTq‘)-'- xl“; + ﬁ'i(;‘\" 1’ + Dlﬁa;'(' q|ng$+ "

Note : [ 2An] SA = #S’YT‘(/\), hew [AM=n.

Tn the above example  [00LNGT Sea, ) = A



Thm  (Tacebi—Trudi Fsrmula)

—

I‘F‘ >\=(A\,~--,}\k), then

Sn=det (hyee;)3ms

k
SA: det (el\;; ‘f-(j)iyfl -

Thwm  (Gordon— Bendey ~Knuth . [972)

> Sy = 2 ex det (£ s
20) <2y v det (£ SRS )5'J='
Z r =
L)< S~/\ det (‘F.u.& 'Fi-(:r- 'I"

w2o

N : tronspose of A

A




bef) A row-shick tableau 1s ,\\E‘_—,y ( tramspose of SSYT)
De¥) (h,W)—ClendHc RST is an RST T Such thadt

—

M<h omd 4
%4;‘?‘-/ & This is alao an RST.

Def) CRSTA(h,M = {‘T‘ . (hw) ~¢ylindric RST of shape A}

The  (Tawhi-Tudi o tylindic Schur fin)

> 7(1- T+ L g-rk 2o det <e)\i-if3+(ih*h)ki )
TE CRST)‘(’\/W\ k:/"' k:ez

h

=

PE) Follows from Gessel—Krattenthaler 1997.



Histovy of cylmdric tableaux.

¢+ Qessel, Krattenthaler (1997)
oL, of cqimdic PP, AL basic hypmgenetric Series
. Bertram, Ciocan—Fertanine , Fulion (1999)
quantum Kostka number = ceviain Cy"”dﬁc SSYT.
Postnikov (200%)

cylindric sk Schui- of fmc shope= = (3Pt Gomey-liition iny ) Sy
(with beunded # Uan ).

o NcNamara (2006 )
Cylindvic skew Schur Ao mot Schur positive (infmite von)

Cow) : Cleanlric Skew SChur 44 C}/hvdrk Schn yo;‘/‘ﬁve
+ S 7. Lee (20]9) - NcNawmavas Conj )5 fywe,



Thm ( Gordon — Bendey ~Knuth , [972)

> 7(1- = g €k det (’C-if;‘ F[Z&&)
T €RST(2h+1) =

h

i0j='

h

> o
‘o’=|

= Ay = det (€ + Fr)
TERST(2) | 3 T

where £ = € Cask |

w2o

'&:
Tha ( Affme Gordm-Bender ~Khuth)

h
51 At = k}zek ka ezdd'(‘F-;-t}«-(wuhﬂ)k,--fﬁ-v;-u-(uﬂhﬂ)k)y,ﬂ
TeCRST (2ht!,w ) 20 0 R

kit-+kp h
ST Ir = = () dot- ('F—iﬂ‘\-(wﬂh)ki+’F¢‘fj+lw+zh)h‘.} )
TECRST (2h,w) k- k€ Z



Outiine o Pnf of AGB ideniify
©) Refsrmulodion

det (e +ne+i) = Z det e
Z Z lsi,jSm( ,Uz"'Nkz"‘J) 1<ij ( a+])

Hlseesdm€Z k1,....km€EZ a,...,@mEL
H1>>lm ky -4k, =0 Ry(a1)>>Rn(am)
/1]-/1,,,<N
Z det  (eq;+j) = Z ek det (F —i+jN — Fit j,N)
1<i,j<2h+1 1<i,j
@1yeees X2 +1€ k>0

Ry(a1)>->Rn(a2h+1)

©® WUse Pfathans.

0 E
Z 1si,§§§h+1(eai+j) - Pf(—Et Dn(Q2h + 1))’

at,....x2n+1€Z
Ry(a1)>->Rn(a2p+1)

0 E
o (_Et Dn(2h + 1)) =€ et i (Fieicta = Fieioi),

Pf (F-_-_ F; )— det (F_- e — Fay )
1<ijeon b SN T RSN T G g U RN T TN



Cor

@ # CSYT,(2mtlzwri) = % NCNN, (it wei)
® ¥ CSYTw (bt 2w ) = # NN (it weg)
@ # CSYTn (2h2wtl) = # NCAN. Chts wtl)

@ # cSYT, (2haw) = = () EM:
M€ NCNN,, Chtt wt)

(hi-}_L)——anneSHng < no @
\~~
fixed ot

£ h=l, thon @, redve fo Movtimer —Prellberg. result.



T h=[, then ©.@ bewme

C
= ® # Dka prefixes of length n  with height- < 2t |

= # MofeKin patts of length n with height < h
omd every hevizontal step is em Z-axis.
@ + Dyck prefixes of length n with height- < 2h

# Motekin paths of length n with height < h
and every hevizontal S"fEf Le o A-axis.

St I
g i\_/ie—ﬁm& is & Dyck meix
fem Wt O 4o WA

L,-\Ks/
oven T honpedal steps

We fownd bijective profs using recent results of GQu—Prdinger
amd Dershowitz.



Open Problems

1. Frd o bijech've PWD’F of
@ # CSYT,(2htl,2wty) = F# NCWN, (it ,wrt)

@ ¥ CsYTn(wﬂ.zw\ = ¥ /V(Nl\/n(hﬂ,w\‘a’_—)
@ # CSYTh (2howtl) = % NCAN, (hts wtl)

@ # CSYTh (2h2w) = = / (—;)’a"%(m'
M€ NCNNp Chit wtl)

2. Find o Lormula 4 9f. fo- NONNy, (htd w+3)

3. Fnd & Sign-free expression fn @



Thank Yoy

for your attention /



