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Basic definitions

Def) X=(x,.. . XR) is a partition of a if

x1x ... 3Xk>0, x1... +Xx= 1.

length ofX =l(x) =k = # parts

The Young diagram of1is 1( x=15,5,2).

Astandard Young tableau ofshape isit
Asemistandard Young tableau "

(column-stricttableau) ·Eilhi,anA row-strict tableau /



Connection with representation theory

· G:a finite group X
dim DG = 1G1

m dimVi DG:regular representation of4
KG = 0, Vi Virreducible representations ofG

=>(G) = (dimVi7
· G =Sn:the symmetric group of order m

(the group ofbijections on 51,2, ...,n3)
Fact:The irr.reps ofin are VI, 1.

dimvx=fX=#SYTs ofshape X.

· n! =x5n(fX2



n! =x5n(fX2
=# (P,Q):P. Qare SYTs of size n\ sh(P) =sh(Q) 3

ex) n=3.=n!
=6

(P,0) =(123,123),

(12,32),(12,13),(Is,)e)
3

(13,13),(2 e)



Robinson - Scheusted algorithm

#:permutation of [n]=51,2,...,23.

I1 - 1

(P,Q):pair ofSYTs of size n and of same shape

RS p Q
ex)π =415632 ↳- 126 23435

4 6
* insertion algorithm

p:0t4451775 5 <6756
731367 2 126

4

Q:6 2 113 134 134 El



Consequences ofRS algorithm

⑧ If TS(P,2), then it, (a,P).

·Th:involutions of [n] *, sits of size n. (P,P).
(T2=id)

· π=(26) (34)
RS

A, M 125
o o a -n ->

1 2 3

11

4 56 I
(12 34 56)164352

involution -matching



SYTs with bounded height.

Def) SYTn =set of SYTs ofsize n. n+=33/8K
SYTnCh):STESYTn:ht(T) < h]

-

= # rows.

eX. (SYTn(z)=((n21)
ISYT(s)/ # Motzkin paths oflength n.

ISYT (4):CLISCIIT, (n= n,(zn) =nth Catalan
number.

Ihm (Gessel, 1990)

5 ISYTn(zh
+1))2=exp(x)de+ (1-i+;(23) - Ii+j(23)

zq(x)=5er1! (Modified Besselfunction).



Properties of RSalgorithm

① If TS(P,2), then it, (a,P).

② maxlength of decreasing subsequence of T =ht (p).

③ I/ increasing · = width (P)

RS p Q
ex)π =4156327 ↳- 1261 134735

max dec 432 4 6

max in4567



Consequences ofRS algorithm

RS
Tt:involutions of [n] <-> SYTs of size n. (P,P).
(T2=id)

x=(26) (34)

A, M
15

125
o o a -n ->

I1 2 3 4 56

11

34 56(134352 (
mmnm

RS
involutions of [n] => SYTs of size 1

with no k-nesting with height<2k

· <> dec sea of
W
k length 2k



r -noncrossing and s-nonnesting involutions

↑Def) An involution it is r-noncrossing if it has no n
N

s-nonnesting A// 1/ M
mo
S

NCNNn(r,S) =setofr-noncrossing and s-honnesting
involutions of[n]

Ihm (chen, Deng, Du, Stanley, Yan, 2004)

#NCNNn(r,s) = #NCNNn(s, r).

In particular,
# R-noncrossing involutions of[n]

= #k-nonnesting //
-



# SYTs of size n with height=2k+1
RS
= # (k+1) - nonnesting involutions of [n]

CDDSY
= #(k+1) - noncrossing //

By taking transpose,

# SYTs of size n with height12k+ umLETTE
= # SYTs of size n with width 22k+

⑭nestion
# SYTs of size a with height [zh+1 and width <2w+)
?
=# Ch+1) - nonnesting and (W+)-noncrossing involutions

of[n]



Deft Ch,w)-cylindric SSYT is an SSYT T such that

① height of T =h

⑦ isan SSYTofa valid skew shape

M

-- se:]
-

15
(337-cylindric not (3,2)-cylindric not

(3,1) - cy)



LetCSYTn(h,w) =4 (h,w)-cylindric SYTs of size n3

#hm (Huh, Kim, Krattenthaler, Okada

# CSYTn(zh+1,2w+1) =#NCNNn(h+1,w+1)

&ofProof

① Express each side as #lattice walks

② Express #lafice walks using determinants

③ Prove det=det.

Open Problem:Find a bijective proof.



* Lattice walks for CSYTr(ch+,2W+).

CSYT #2/3 <p - 1 - 1-H -

1+T-1

<->(0,0,0) - (1,0,0) - (2,0,0)- (3,0,0) - (3,1,0) - (3,2,0)

a walk in the region 5(,(2.3(3):(ix(7,7130)

with step setE =(1,0,0), 22=(0, 1,0), 33
=0,0,D.

Under this correspondence

CSYTu(zh+1, 20+1) <-walks
from 0 of length 1 in

S(9( ,...,(eh+1):21x...Ph+130,
x( - 7(zh+1 =2w+13

=G(x, . . .. 2(2n+1):x1>.... 30(2h+1 >, x,-2w+3
Ealcove ofa fine Weyl groupoftype Ach



Def) Avacillating tableau isa sequence ofpartitions

0 =1(), X(,, . . .
XM= 0 such that

↑(i) and [iti) differ by at most one cell.

ex(0 - 11 - 17 - 1 - E - F -T - 17 - B - p

Eop involutions on [n] vacillating tableaux
oflength n

NCNNn(h+1,w+1) c 1/

with every partition2contained in



vacillating tableaux

NCNNn(h +1,w+1)
1-1 oflength n#)

with everypartition
contained in 21

<> lattice walks from 0 to 0 of length n

inregion 4(4,...,P(n):whci>...>2n>0}
with step setv903.6

alcove of

afine Weyl group oftype n



Filaseta (1985) computed lattice walks in alcove of affine Weyl groups.

Applying Filaseta's result, we get

ICSYTn(h,w)) =xn = n!detix+(w+h)s) =1k,+...+kn=0
X. -Xn=Wk,...,kntI

and

n /NCNNn(h+s,w+D/ I
=

exp(x)h,zk,t1
det (1

- izi+(2h+2w+2)ki(2x)
- [i+i+(uh+2w+2)k,(2x).

where In(xD=50 ceteus, (ModifiedBessel ftn).



So, to prove out theorem

ICSYTn(zh+1,2w+))
=(NCNNnCh+,w+

it suffices toprove
h

= =
X:X -Xn=w k,+...+kn=0

x"detix+(w+h)i)is=1
k,...,kn =I

=exp(x) det (1
- izi+(2h+2w+2)ki(2x)

- [i+i+(uh+2w+2)k,(2x).
k,...,kytI

We will show a symmetric function generalization of this.



Asymmetric function is a symmetric polynomial in

infinitely many variables (1,712,33... (with bounded degree).

Def) The 4th elementary symmetric function is

ek = z C(i...Pik
11... (ip

ex).21 =x1+1(z+x3 +...

ez
=x,c(z+C(cP3 +

Def) The 4th complete homogeneous symmetric function is

hk= x,,... Pik
il1... [lk

eX).h, =e, =7htcz+...

12 =x,+12... -x((2+)(py +....



For a partition x= (x,...,XR), define

hx =hx,hx...nxk
ex =2x,2x2 . .. 2xk

ex) h(4,3,1) =h+hsh/
e(3,1,1) =2se,2,

1 =the space ofsymmetric functions (C-algebra).
FundamentalThi ofsymmetric functions
-

24 x3 is a basisfor N.

Sex3 2/ 1.



Def) Schur function all sit
Sx = zTESSYTIAN'SHR's ...

ex) x=(2,1) *I I...Ep +1 +...

Sx =xP7z+x,(z +xlt... spkPls+Pp12P3+..-

Note:(C42:CLn] SX=#SYTCN),where (x1 =n.

In the above example [CkC(s]S(2,1) =2



Ihm (Jacobi-TrudiFormula X: transpose of X

IfX =(, , . . . ,(k), then x=
Sx =det(hxi - itj)"j -1.
Sx=det(exi - i+j),j=1

x =#
Ihm (Gordon-Bender-knuth, 1972)

& Sx =5 endet (f-iti- fita)m
f(x) =2m+1

I SN
=det(fit+fitje),l(X)=2m

where f
n
=5 enentk.



Def. Arow-stricttableau is Er (transpose of SSYT).

Deft (hiw)-cylindric RSTis an RST T such that

hth and

- 5 This is also an RST.

Def) CRSTXCh,w) = 9T: (h,w)-cylindric RSTofshape x)

Thm (Jacobi -Trudifor cylindric Schurftu)
-

= x= det (exi-i+i+ch+wski), =1k,...+kn=0
TC CRSTACh,wh ky..., knEZ

Pf) Follows from Gessel- Krattenthaler 1997.



History of cylindric tableaux.
· Gessel, Krattenthaler (1994)

g.f, of cylindric PP, A basichypergeometric series

· Bertram, Ciocan-Fontanine, Fulton (1999)

quantum Kostka number certaincylindric SSYT.

· Postnikov (2005)
cylindric skewschuroftonicshape

(3-ptGromor-Witten in) is
bounded #van).

· NcNamara (2006)

cylindric shew Schur isnot schur positive (infinite val

Cons: cylindric skew Schur iscylindric Schin positive

· S.J. Lee (2019):NcNamara's conj is true.



Ihm (Gordon-Bender-knuth, 1972)

= xT
=

5 endet (f-iti- fita)
TERST(2h+1)

=
TERST(2)

"T
=det(f

-ie
+fitje) ,

where f
n
=5 enentk.

Ihm (Afine Gordon-Bender-Knuth)

= xy=152xpz.knt1
det (f-i+i+(w+2L+1ki - fi+j+(w+2h+1)k) 1

TECRST(2h+1,w)

k...+kndet(f-iti+(w+2h)ki +fiti +(w+2h)ki),=1I x=2 (H)

TECRST(2h,w) k,...,kntI



Outline of Proof ofAGB identity.

① Reformulation

② Use Platians.



for

① # CSYTn(zh+,2w+1) =#NCNNn(h+,w+1)

② # CSYTn(chH,cw) =#NCNNn(h+,w+I)

③ # CSYTn (ch,ew+1) =NCNNn(h+z, w+1)

fix.(M).④ # CSYTn(zh,2w) =2 (1)
MENCANhChH,w+1)

(h+1) -nonnesting => no ·
↑w

fixed pt.
I

If h= 1, then 1 reduce toMortimer - Prelberg result.



If his, then 3,become

COL
->

③ # Dyck prefixes oflength n with height =2h+/

= # Motzkin paths oflength n with heighth
and every horizontal step is on taxis.

④# Dyck prefixes oflength n with height =2h

= # Motzkin paths oflength n with heighth
and every horizontal step is on taxis.
St.

Ithen is a Dyckprefix
from to to hth.

m

even # horizontal steps

We foundbijective proofs using recentresults of Cu-Prodinger
and Dershowitz.



enProblems

1. Find a bijective proof of
=① # CSYTn(zht,2w+1) #NCNNnChH,w+)

② # CSYTn (ch+,2w ( = # NCNNn(h+1,w+I)

③ # CSYTn (ch,ew+1) =NCNNn(h+z, w+1)

fix.(M).④ # CSYTn(zh,2w) =2 (1)
MENCANhChH,w+1)

2. Find a formula for g.f. for NCNNn(h+1,w++).

3. Find a sign-free expression for



Thank You

for your attention!


