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Famous g-analogs of integers

] q—integers [Euler, Gauss, ...] [6]q =14+qg+ q2 + q3 + q4 —+ q5
N B T
@ g-factorials

[nlg! = [n]qln —1]q---[2]q [38l¢! = 1429 +2¢° + ¢°

@ g-binomials

[Z]q_[n—[/?]]:llu]‘,l [g}q—1+q+2q2+q3+q4
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What can we expect from a g-analog?
@ Natural definition

@ g-analogs of positive integers are often polynomials

e with positive integer coefficients
e with symmetric sequence of coefficients (palindromes)
e with unimodal sequence of coefficients

@ Combinatorial interpretations

Geometric interpretations
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g-analogs of rationals

@ g-rationals 7
Definition [MG-0, 2020]:
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First properties

g-rationals are of the form

4.~ 2%

where R and S are coprime polynomials in g with

positive integers coefficients

constant and leading coefficients equal to 1
unimodal sequence
[McConville-Sagan—-Smyth, 2021],

[Kantarci Oguz—Ravichandran, 2021]

NOT palindromes (but not too far ...)
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First theorem

0= [c1]q - qq_lq_l
Hp A—
[ck-1]g — q;;k;;l

Theorem [Leclere-MG,2021]

The rational function does not depend on the choice of the ¢;'s.
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g-deformations of continued fractions

> 2 ! 1 il
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In particular,




@ g-irrationals ?

Stabilisation Phenomenon



Stabilization Phenomenon

12 _ 5y, [g] _ 1429+3¢*+3¢3+2¢*+4°
’ 51q 1+9+2¢%+q°

= 1+q+q*—2¢°+q" +3¢°—3¢° —4¢"° + 7¢' + 44" ...

70 _ 54137 [m] _ 143q+7¢?+11¢3+13¢*+13¢°+11¢°+7¢" +3¢%+4°
29w 291q 1+2q+5¢2+64°+6¢"+5¢°+3¢°+q7
= 14+q+q*—2¢°+q" +4¢°—5¢° — 7% + 18q'! + 64'2...
408 _ 5 41490 [@] _  1449+12¢°+25¢°+41¢*+564°+65¢°+...+4¢" %+ g3
169 : 1691 ¢ 1+3g+9q2+16g3+249*+29g5+29g0+...+4ql04+ g1t
— 1+q+q4_2q6+q7+4q8_5q9_7q10+18q11+7q12--»
1++v2

=2.41421...



Stabilization Phenomenon
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142¢+3¢°+3¢3+2¢*+4°
1+g+2¢°+q3

1+q+q4_2q6+q7+3q8_3q9_4q10+7q11+4q12”.

14394+7¢%*+11¢3+13¢* +13¢°+11¢°+79"+3¢%+¢°
14+2q+5¢2+6¢3+64*+5¢°+3q%+q"

1+g+q* —2¢° + 7 + 4¢® — 5¢° — 7q'° + 18¢'* + 64' ...

14+49+12¢°+25¢34+41¢* +564°+65¢°+...+4q'%+¢'3

1+3q+9¢2+16¢3+24¢*+29¢°+29¢%+...+4q0+q11

1+q+q472q6+q7+4q875q977q10+18q11+7q12_”

1+q+q*—2¢°+q" +4q° - 5¢° — 7¢'° + 18" + 7¢"
—55¢'3 4 18q* + 1464¢%5 ...

P +29—1+/q¥+4¢* —2¢3 +4q2 + 1
2q




Second theorem: g-analogs of irrationals

@ g-real numbers

Theorem [MG-Ovsienko, 2022]

If (xn), is a sequence of rational numbers converging to an
irrational number x, then the sequence of the Laurent series of the

g-rationals ([x,,]q> converges to a Laurent series [x]q (that
n

depends only on x).

A

Definition [MG-Ovsienko, 2022]

The g-irrationals are formal Laurent series with integer coefficients
obtained from the convergence of g-rationals.

.
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Examples of g-irrationals

[¢],

1+¢°—¢®+2¢* —4q¢° +8¢° — 17¢" +374°
—82q° + 185¢™° — 423" + 978¢"'% — 2283¢"3
+5373¢™ — 12735¢™ + 30372¢"® — 728324¢"
+175502q'® — 424748¢° + 1032004¢% - - -

1+q+q2+q107q12fq13+q15+q16
_qzo _2q21 _ q22 +2q23 +4q24 + q25

74q27 _ 4q28 _ 2q29 + q3o + 5q31 +8q32 + 3q33
_3q34 _ 10q35 _ 12q36 _ 5q37 + 8q38 + 19q39 + 20q40
+2¢* — 18¢* — 32¢® — 25¢* + 31¢*® + 514"
+45q48 _ 7q49 _ 65q50 _ 94q51 _ 57q52 + 35q53 .

14+9+¢ - ¢ +2¢° -3¢ +3¢° - ¢°

_3q10 + 9q11 _ 17q12 + 25q13 _ 29q14 + 23q15 + 2q16

—54g% +134¢™ — 232¢% + 320¢%° — 347¢% + 243¢% + 71¢%
—660¢°* + 1531g°° — 2575 + 3504q¢°" — 3804¢°° + 2747¢°° 4 4884 - -
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Radius of convergence

The radius of convergence of the series [gp]q is R, = T\[

Conjecture (Leclere-MG-Ovsienko—Veselov, 2024)

The radius of convergence Ry of the series [x]q satisfies:

R, > Ry
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Deformation of matrices

@ g-analogs of matrices

11 g 1
01 0 1
10 0
11 g 1

M € PSLy(Z) — My € GLa(Z[¢F))/{£q" k}

This is a group isomorphism

PSLy(Z) ~ PSLy(Z),

where PSLy(Z)g = < Ry, Lg > € PGLo(Z[g*])
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PSI,(Z)-action

Theorem (Leclere-MG, 2022)

The g-deformations commute with the action of PSLy(Z), i.e.
for M € PSL»(Z), x € R

M- X]q = Mg - [X]q

Recall:

Note:
The set of rational numbers (+infinity) is the orbit of 1 under the

action of PSL(Z)
The set of g-rational numbers (+infinity) is the orbit of 1 under
the action of PSLy(Z),
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Traces of g-matrices

Theorem (Leclere-MG, 2022)

The trace of a g-matrix Mg is a polynomial with positive integer
coefficients forming a palindrome.

5 2\  (q+2¢+q +q* 144
2 1) ~ q+q° 1

Tr=1+9+2¢°+q’ +q*

12 5\ _ (q+2¢°+3¢°+3¢" +2¢° +¢° 1+q9+2¢+q°

7 3 9+2¢2+2° +q¢*+¢° 1+qg+¢°

Tr =14+29+3¢*>+3¢°+3q¢* +2¢° + ¢°

31 13\

19 8) ~

d+3¢2+5¢° +6q* +7¢° +5¢°+39" +¢® 1+29+3¢°+3¢°+3q¢*+¢°
G+3¢°+44° +4¢* +4¢° +2¢° + 4’ 1+2q9+29° +2¢° + ¢*

Tr =1+4+3¢9+5¢°+7¢°+7¢" +7¢° +5¢° +3¢" + ¢°

— g-Markov [Kogiso, 2020], [Labbé-Lapointe, 2021], [L-L-Steiner, 2023]
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Million of questions

Combinatorial interpretations ?
Geometric interpretations 7
Relations with quantum invariants ?
Quantum calculus ?

Properties of the power series 7
g-complex numbers 7

g-matrices in SL,(Z)? GL,(Z) ?



Twin brother: “left” deformation

The stabilization phenomenon fails for a rational number x !
If x, > x then lim [x,]q = [X]q,

if x, < x then lim [xp]q = [X]E7 # [x]q.

Example:
1

1
lim [1+} =1, lim [1] =q.
Nlq Nlq

[Bapat—Becker—Licata, 2022] gave explicitit formulas for [X]E’,

In particular for n € N one has

M =1+q+...+q" 2 +q"

b 2 2 3 4
5 1 q 1+9g+q¢ +q +q
and e. |l =3-Z2| = - =
& H {3 2L Bl g, 1+



Twin brother: “left” deformation

[BBL, 2022]: The set of “left” g-rational numbers (+infinity) is
the orbit of g under the action of PSLy(Z),.

Theorem (Jouteur 2025)

The g-deformations [ |q and | ]E, are the only two deformations
that commute with the action of PSLy(Z).




Twin brother: “left” deformation

Theorem (Jouteur 2025)
For x € Q one has

F]ZW—MM+1

X gxly+1—q°
and for x € R\ Q one has

H - (Z[;]ql )+[X1q—+q1’

New symmetry:

_(9-1 1
h_(q 1—&

leading to a deformation GLo(Z) ~ < Ry, Lqg, Jg >.
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